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A challenging problem

Question : have you ever tried to untangle a rope, headphone
cables, necklace or any other strand ?
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A challenging problem

have you ever tried to untangle a rope, headphone
cables, necklace or any other strand ?

The longer a strand, the more likely it is to tangle.
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Knot theory

A knot is a non-self-intersecting simple closed curve in the
3-dimensional space.
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A knot is a non-self-intersecting simple closed curve in the
3-dimensional space.
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Knot theory : diagrams

/ A
O

/
Trivial knot Trefoil knot Figure-eight knot  Pentafoil knot
01 31 4’1 51
Trivial link Hopf link Solomon link  Borromean link
02 22 42 63
1 1 1 2
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Unknotting problem

Unknotting problem : given a knot diagram K, is there an
< efficient > algorithm to decide if K is trivial ?
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Unknotting problem

Unknotting problem : given a knot diagram K, is there an
< efficient > algorithm to decide if K is trivial ?

e
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Trivial knot

given a knot diagram K, is there an
< efficient > algorithm to decide if K is trivial 7
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Application : DNA (Deoxyribonucleic Acid)

A fundamental application of this problem can be found in the
study of DNA
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Application : DNA (Deoxyribonucleic Acid)

A fundamental application of this problem can be found in the
study of DNA

when an enzyme acts on the initial form of DNA, it gives new
forms of DNA. We would like to know if they are still unraveled.
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Application : DNA (Deoxyribonucleic Acid)

A fundamental application of this problem can be found in the
study of DNA

when an enzyme acts on the initial form of DNA, it gives new
forms of DNA. We would like to know if they are still unraveled.
Difficulty : DNA is very tangled inside the cell (equivalent to
approximately 200 km of fishing line inside a football).
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First step ...

Is the trefoil trivial ?
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First step ...

Is the trefoil trivial ?

Theorem (Papakyrikopoulos, 1957) Un knot K is
trivial if and only if the fundamental group of the
complementary space of K is abelian.
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e

K =h
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e

Theorem (Reidemeister 1927) Two knots (or links) are isotopic if
and only if their diagrams are related by a sequence of
Reidemeister moves.
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(R. Fox) A knot diagram K is 3-colorable if one can color each arc
of the diagram with red, blue and green, such that

- at least 2 colors are used,
- at each crossing we have either 3 different colors or only one

color.
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3-coloring

(R. Fox) A knot diagram K is 3-colorable if one can color each arc
of the diagram with red, blue and green, such that

- at least 2 colors are used,
- at each crossing we have either 3 different colors or only one

color.

\/
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3-coloring is an invariant

Theorem If a diagram of a knot K is 3-colorable then any diagram
of K is also 3-colorable.
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3-coloring is an invariant

Theorem If a diagram of a knot K is 3-colorable then any diagram
of K is also 3-colorable.

Proof (idea). Show that if a Reidemeister move is performed on a
colorable diagram of K then the resulting diagram is again
colorable.
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3-coloring is an invariant

Theorem If a diagram of a knot K is 3-colorable then any diagram
of K is also 3-colorable.

Proof (idea). Show that if a Reidemeister move is performed on a
colorable diagram of K then the resulting diagram is again
colorable.

For instance if a move Il is performed we have essentially two cases
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Existence of nontrivial knots

3-colorable non 3-colorable
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Existence of nontrivial knots

+

3-colorable non 3-colorable
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Colorability (mod p)

A knot diagram K is colorable (mod p) if each arc of the diagram
can be labeled with an integer in {1,...,p — 1} such that

- at least 2 labels are distincts,

- at each crossing the relation 2x — y — z =0 (mod p) is verified
where x is the label on the over crossing and y and z the other
two labels.
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Colorability (mod p)

A knot diagram K is colorable (mod p) if each arc of the diagram
can be labeled with an integer in {1,...,p — 1} such that

- at least 2 labels are distincts,

- at each crossing the relation 2x — y — z =0 (mod p) is verified
where x is the label on the over crossing and y and z the other

two labels.
0
1
m 3
G

N

4
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Colorability (mod p) : algebraic approach

Associate a variable x; to each crossing.
At each crossing a relation between the variables defined
2x; — xj — x, = 0 (mod p)
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Colorability (mod p) : algebraic approach

Associate a variable x; to each crossing.

At each crossing a relation between the variables defined

2x; — xj — x, = 0 (mod p)

The corresponding system of equations that needs to be solved is a
matrix M with rows corresponding to the equations and columns
the variables.
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Colorability (mod p) : algebraic approach

Associate a variable x; to each crossing.

At each crossing a relation between the variables defined

2x; — xj — x, = 0 (mod p)

The corresponding system of equations that needs to be solved is a
matrix M with rows corresponding to the equations and columns
the variables.

2 -1 -1 0 0

-1 0 2 -1 O

M=|] -1 0 0 2 -1
o -1 0 -1 2

0 2 -1 0 -1
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Determinant

Let M’ be the matrix obtained from M by deleting one row and
one column.
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Let M’ be the matrix obtained from M by deleting one row and

one column.
Theorem A knot is colorable (mod p) if and only if p|d where

d = | det(M")].
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Let M’ be the matrix obtained from M by deleting one row and
one column.

Theorem A knot is colorable (mod p) if and only if p|d where

d = | det(M’)].

Theorem If a diagram of a knot K is colorable (mod p) then any
diagram of K is colorable (mod p).
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Let M’ be the matrix obtained from M by deleting one row and
one column.

Theorem A knot is colorable (mod p) if and only if p|d where

d = | det(M’)].

Theorem If a diagram of a knot K is colorable (mod p) then any
diagram of K is colorable (mod p).

The determinant of a knot, denoted by det(K), is defined to be
equals to | det(M’)].
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Let M’ be the matrix obtained from M by deleting one row and
one column.

Theorem A knot is colorable (mod p) if and only if p|d where

d = | det(M’)].

Theorem If a diagram of a knot K is colorable (mod p) then any
diagram of K is colorable (mod p).

The determinant of a knot, denoted by det(K), is defined to be
equals to | det(M’)].

Theorem det(K) is an invariant of K.
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Let M’ be the matrix obtained from M by deleting one row and
one column.

Theorem A knot is colorable (mod p) if and only if p|d where

d = | det(M’)].

Theorem If a diagram of a knot K is colorable (mod p) then any
diagram of K is colorable (mod p).

The determinant of a knot, denoted by det(K), is defined to be
equals to | det(M’)].

Theorem det(K) is an invariant of K.

Theorem If a link L is splittable then L is colorable (mod n) for all
n> 3.
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Methods to compute the determinant

- det(K) = | Ak (—1)] where Ak(t) is the Alexander polynomial
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- det(K) = |Jk(—1)| where Jk(t) is the Jones polynomial
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Methods to compute the determinant

- det(K) = | Ak (—1)] where Ak(t) is the Alexander polynomial
- det(K) = |Jk(—1)| where Jk(t) is the Jones polynomial
)=

- det(K) = |(D(A))| p—erisa Where Dy (A) is the Kauffman bracket
of diagram D of link L
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- det(K) = | Ak (—1)] where Ak(t) is the Alexander polynomial
- det(K) = |Jk(—1)| where Jk(t) is the Jones polynomial

- det(K) = |(D(A))| p—erisa Where Dy (A) is the Kauffman bracket
of diagram D of link L

- det(K) can also be computed by using the Seifert matrix, the
Goeritz matrix, the quasi-trees of genus j of a dessin d'enfant H,
etc.
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Methods to compute the determinant

- det(K) = | Ak (—1)] where Ak(t) is the Alexander polynomial
- det(K) = |Jk(—1)| where Jk(t) is the Jones polynomial

- det(K) = |(D(A))| p—erisa Where Dy (A) is the Kauffman bracket
of diagram D of link L

- det(K) can also be computed by using the Seifert matrix, the
Goeritz matrix, the quasi-trees of genus j of a dessin d'enfant H,
etc.

Appearing in different context, for instance

Theorem (Dunfield 2000) Let L be an alternating, hyperbolic link.
Then, det(L) ~ e */(D+b for some numbers a > 0 and b.
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Methods to compute the determinant

- det(K) = | Ak (—1)] where Ak(t) is the Alexander polynomial
- det(K) = |Jk(—1)| where Jk(t) is the Jones polynomial

- det(K) = |(D(A))| p—erisa Where Dy (A) is the Kauffman bracket
of diagram D of link L

- det(K) can also be computed by using the Seifert matrix, the
Goeritz matrix, the quasi-trees of genus j of a dessin d'enfant H,
etc.

Appearing in different context, for instance
Theorem (Dunfield 2000) Let L be an alternating, hyperbolic link.
Then, det(L) ~ e */(D+b for some numbers a > 0 and b.

Theorem (Stoimenow 2005) Let n be an odd integer. Then,
det(L) = n for some achiral rational link L if and only if
n=p? + q* with pgc(p,q) = 1.
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Tait graphs

Trefoil
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Tait graphs

D

Trefoil

N/
/

Black point of view White point of view
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Tait graphs
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Spanning trees

Let G be an edge-signed planar graph and let L¢ the link arising
from G. Let T a spanning tree of G.
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Spanning trees

Let G be an edge-signed planar graph and let L¢ the link arising
from G. Let T a spanning tree of G.
We define

sign(T) =[] x(e)

ecE(T)

where x(e) denotes the sign of edge e.
T is positive (resp. negative) if sign(T) = + (resp. sign(T) = —)
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Spanning trees

Let G be an edge-signed planar graph and let L¢ the link arising
from G. Let T a spanning tree of G.

We define
sign(T) =[] x(e)
ecE(T)

where x(e) denotes the sign of edge e.

T is positive (resp. negative) if sign(T) = + (resp. sign(T) = —)
Theorem (Champanerkar, Kofman 2009 and Gros, Pastor-Diaz,
R.A. 2024)

det(L¢g) = |#{positive spanning trees inG } —#{negative negative trees inG}|
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Spanning trees

Let G be an edge-signed planar graph and let L¢ the link arising
from G. Let T a spanning tree of G.

We define
sign(T) =[] x(e)
ecE(T)

where x(e) denotes the sign of edge e.

T is positive (resp. negative) if sign(T) = + (resp. sign(T) = —)
Theorem (Champanerkar, Kofman 2009 and Gros, Pastor-Diaz,
R.A. 2024)

det(L¢g) = |#{positive spanning trees inG } —#{negative negative trees inG}|
Remark : If L¢ is alternating then

det(Lg) = # of spanning trees of G
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Fourier-Hadamard transforms

Let f : F§ — F» be a Boolean function.
Let supp(f) = {x € F3 | f(x) # 0} be its support.
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Fourier-Hadamard transforms

Let f : F§ — F» be a Boolean function.
Let supp(f) = {x € F3 | f(x) # 0} be its support.
The Fourier-Hadamard transform of f is defined as

fluy= f)(-1 = 3 (-

x€lF] x&supp(f)

with x-u = x3u1 ® - - - ® x,u, where @ denotes the sum modulo 2
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Fourier-Hadamard transforms

Let f : F§ — F» be a Boolean function.
Let supp(f) = {x € F3 | f(x) # 0} be its support.
The Fourier-Hadamard transform of f is defined as

fluy= f)(-1 = 3 (-

x€lF] x&supp(f)

with x-u = x3u1 ® - - - ® x,u, where @ denotes the sum modulo 2

f can be represented by elements in the quotient ring
R[x1, ..., xn]/ (33 — x1,...,x2 — xp), called Numerical Normal

Form (NNF). It can be written as

f(x) = Z Ay xY

yeF3

n

y Yi

where x¥ = .Hl X7
=
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Fourier-Hadamard transforms and determinant

G = (V, E) connected planar graph with n = |E|.
Let 7 be the set of spanning trees of G.
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Fourier-Hadamard transforms and determinant

G = (V, E) connected planar graph with n = |E|.
Let 7 be the set of spanning trees of G.
For F C E, let ve = (vi,...,Vv,) be the indicator vector of F.
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Fourier-Hadamard transforms and determinant

G = (V, E) connected planar graph with n = |E|.
Let 7 be the set of spanning trees of G.
For F C E, let ve = (vi,...,Vv,) be the indicator vector of F. Let

fc the boolean function with supp(fg) = {vr € F5 | T € Ts}.
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Fourier-Hadamard transforms and determinant

G = (V, E) connected planar graph with n = |E|.

Let 7 be the set of spanning trees of G.

For F C E, let ve = (vi,...,Vv,) be the indicator vector of F. Let
fc the boolean function with supp(fg) = {vr € F5 | T € Ts}.

We define FHg(x1, ..., %n), to be the NNF of the
Fourier-Hadamard transform of fg, that is,

FHG(x1,...,%n) = ?G(Xl, ey Xn)-
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Formula for the determinant

Theorem (Gros, Pastor-Diaz, R.A. 2024) Let (G, xg) be an
edge-signed connected planar graph and let L be the link arising
from G. Then,

det(Lg) = |FHg(v)|

where v = (v1,...,v,) with v; =
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Formula for the determinant

Theorem (Gros, Pastor-Diaz, R.A. 2024) Let (G, xg) be an
edge-signed connected planar graph and let L be the link arising
from G. Then,

det(Lg) = |FHg(v)|

where v = (V17 ) Vn) with Vi = ]‘_XTE(I)

Question Let k > 0 be an integer and let G = (E, V) be a planar
connected graph. Is there an edge-signature y g such that
det(L) = k where L is the link arising from (G, xg)?
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Formula for the determinant

Theorem (Gros, Pastor-Diaz, R.A. 2024) Let (G, xg) be an
edge-signed connected planar graph and let L be the link arising
from G. Then,

det(Lg) = |FHg(v)|
where v = (v1,...,v,) with v; = I_XTE(')

Question Let k > 0 be an integer and let G = (E, V) be a planar
connected graph. Is there an edge-signature y g such that
det(L) = k where L is the link arising from (G, xg)?

Our method yields to a straightforward procedure to answer this
question.
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Computing FHg

Proposition (Gros, Pastor-Diaz, R.A. 2024) Let G = (V, E) be a graph
with n = |E| and let x € F]. Then,

FHG(x1, ..., xn) = Z H (1-2x;)

TeTe \i€E(T)
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Computing FHg

Proposition (Gros, Pastor-Diaz, R.A. 2024) Let G = (V, E) be a graph
with n = |E| and let x € F]. Then,

FHG(x1, ..., xn) = Z H (1-2x;)

TeTe \i€E(T)
Theorem (Gros, Pastor-Diaz, R.A. 2024) Let G = (V/, E) be a graph.

e If G consist of one edge, say e, then

{ 1—2x. if eis an isthmus,

FHs(xe) = 1 if e is a loop.
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Computing FHg

Proposition (Gros, Pastor-Diaz, R.A. 2024) Let G = (V, E) be a graph
with n = |E| and let x € F]. Then,

FHG(x1, ..., xn) = Z H (1-2x;)

TeTe \i€E(T)

Theorem (Gros, Pastor-Diaz, R.A. 2024) Let G = (V/, E) be a graph.
e If G consist of one edge, say e, then

{ 1—2x. if eis an isthmus,

FHs(xe) = 1 if e is a loop.

o If e is either a loop or an isthmus then
FHc.;(X) = FHG(Xe) FH(;\E(X/)

where x’ is obtained from x from which the entry x., corresponding to
edge e, is deleted.
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Computing FHg

Proposition (Gros, Pastor-Diaz, R.A. 2024) Let G = (V, E) be a graph
with n = |E| and let x € F]. Then,

FHG(x1, ..., xn) = Z H (1-2x;)

TeTe \i€E(T)

Theorem (Gros, Pastor-Diaz, R.A. 2024) Let G = (V/, E) be a graph.
e If G consist of one edge, say e, then

| 1—-2x. if eisan isthmus,
FHs(xe) = { 1 if e is a loop.
o If e is either a loop or an isthmus then

FHc.;(X) = FHG(Xe) FH(;\E(X/)

where x’ is obtained from x from which the entry x., corresponding to
edge e, is deleted.
e If e is neither a loop nor an isthmus then

FHg(x) = FHg\e(x') 4+ (1 — 2xe ) FH 7e(X')
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det(821) = ‘FHg(l, 1,0,0,0,0,0,0)’ = 15 (difference between the 24
negative-spanning trees and 9 positive-spanning trees.
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det(821) = |FHg(1, 1,070,0,0,0,0)’ = 15 (difference between the 24
negative-spanning trees and 9 positive-spanning trees.

det(L) # of edge-signatures
1 46
3 44
5 14
7 7
9 9
11 2
13 2
15 1
19 2
33 1

Determinants obtained from the half of the 28 possible edge-signatures
(corresponding to vectors beginning with 1). The other half yields to the
same set of determinants)
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