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In this section let & be an arbitrary field, and let X be a k-scheme locally of finite type ol
(Definition 3.30). A point x € X is closed if and only if x(x) is a finite extension of k propnéée
(Proposition 3.33) and the set of closed points is very dense in X (Proposition 3.35). A de

point x € X is called k-rational if Kk — k(x) is an isomorphism. A k-rational point is
always closed. Sending a k-morphism Spec k — X to its image yields a bijection between
the set X (k) = Xi(k) of k-valued points of X and the set of k-rational points of X

Jacolson

Definition and Remark 3.34. A subsetY of a topological space X is called very dense,

if the following equivalent conditions are satisfied: -

(i) The map U — U NY defines a bijection between the set of open subsets of X and
the set of open subsets of Y.

(ii) The map F — F NY defines a bijection between the set of closed subsets of X and
the set of closed subsets of Y.

(iii) For every closed subset F' C X, we have F = FNY.

(iv) Ewvery non-empty locally closed subset Z of X contains a point of Y.
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For a general field k it is often difficult to decide whether a given k-scheme X has
a k-rational point (see Exercise 3.28). The following two examples show that even for
quite simple k-schemes the residue fields x(x) might be complicated field extensions of
k. Moreover it might happen that there is no k-morphism Speck — X (and hence no
k-rational point of X).

Example 5.1. Let X = A} = Speck[T']. The points of X are the prime ideals of k[T]. As
k[T is a principal ideal domain, the prime ideals are the zero ideal and all principal ideals
generated by irreducible polynomials (see Example 2.14). Hence every finite extension
field which is generated over k by a single element (in particular every finite separable
extension) occurs as a residue class field of a point of X.

Example 5.2. Let X = Speck’ be the spectrum of a non-trivial extension field £’/k.
This gives us an example of a k-scheme which contains no point with residue class field
k and which does not admit any k-morphism Speck — X. A scheme X of this form is
of finite type over k, if and only if the extension k’/k is finite (Lemma 1.10).
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(5.12) Extension of scalars for schemes over a field.

Let k be a field. We use the following result (which we will prove below, see Theo-
rem 14.36).

Proposition 5.44. Let S be a scheme whose underlying topological space is discrete.
Then any morphism f: X — S of schemes is universally open.

We will use this proposition in the situation where S is a field, and in most cases f
will be of finite type. In this case the proof of the proposition simplifies considerably; for
instance, one can invoke Theorem 14.33.
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Corollary 5.45. Let X andY be k-schemes and denote by p: X X, Y — X the projec-
tion.

(1) The morphism p is surjective and universally open.

(2) The map Z — p(Z) is a well-defined surjective map

(5.12.1)  {irreducible components of X Xy Y} — {irreducible components of X }.

(3) The image p(C) of every connected component C' of X XY is contained in a unique
connected component of X and we obtain a well-defined surjective map

(5.12.2)  {connected components of X Xy Y} — {connected components of X }.

(4) Assume that X x; Y has one of the following properties: “irreducible”, “connected”,
“reduced”, “integral”. Then X has the same property.
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In general it may happen that a k-scheme X has some property P (for instance one of
the properties in Corollary 5.45 (4)) but there exist field extensions K of k such that the
base change X does not have P. Therefore we make the following definition.

Definition 5.48. Let P be one of the following properties of a scheme over a field:
“irreducible”, “connected”, “reduced”, or “integral”. We say that a k-scheme X possesses
P geometrically if the K-scheme X possesses P for every field extension K of k.

(Gortz- wedhoru)

Proposition 5.53. Let X be a k-scheme. Then the following assertions are equiva-
lent.

(i) X is geometrically connected.

(ii) For every connected k-schemeY the product X XY is connected.

(iii) There exists a separably closed extension 2 of k such that Xq is connected.
If X 1is quasi-compact, these assertions are also equivalent to
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Peut-étre est-il utile de rappeler qu'il existe un morphisme f : X — X2 avec X2 = Spec O x(X)
appelé affinisation de X, tel que tout morphisme de X vers un schéma affine se factorise par X2,
Décrivons f : pour chaque ouvert affine U = Spec(A) C X, on dispose du morphisme de restriction
des fonctions Ox(X) — Ox(U) = A qui, en prenant le spectre, fournit un morphisme f; : U — X?f,
Pour que les fy se recollent en un morphisme f il suffit de vérifier que fyjuny = fvjuny pour toute
paire d’ouverts affines U,V C X. Pour cela, il suffit de vérifier que fy | = fy|w pour tout ouvert affine
W CcUnNV. Or cela découle du fait que O x est un faisceau, en passant aux spectres dans le diagramme
commutatif suivant :

- Ox(U) v

(X) 0

Sir Sy
Ox(V)
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Une Prv]méﬁfexb tres iMI\ﬁftamt\s et qua Qo foruedion |
de la f\»& %rmde sowwlzzlbve sé?wm orwmuke & U,Q)c\‘WLou
Qo Corphy A2 base . Dans Wokerhouse (Tnrco. to AStine grouy
Schewes, Springer) nogt 43, (orsgue X=spec A U olgzbre

kP o ot (M), Ceak une k- algebre dedime finie

(Vial 0ugd pour X o afling mass datyre k).

6.5 Separable Subalgebras [ Weberhouse]

Let A be a finitely generated k-algebra. If B is any separable subalgebra,
B® k is a separable k-subalgebra of A ® k; it is spanned by idempotents, so
by (5.5) its dimension is bounded by the number of connected components
of Spec A ® k. Furthermore, if B, and B, are separable subalgebras, so also
is the composite B, B,, since it is a quotient of B, ® B, . Hence there is a
largest separable subalgebra of 4. We denote it by n, 4. If A’ is another
finitely generated algebra, then my(4 x A’) = mo(A4) x 7y(A’); we have <
because the projections of my(4 x A’)to A and A’ must be separable, and 2
because a product of separable algebras is separable.

Theorem. Let kS L be fields, A a finitely generated k-algebra. Then
(Mo A)® L ~ my(A® L)
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Proposition 5.49. Let X be a k-scheme. Then the following assertions are equiva-
lent.

(i) X is geometrically reduced.

(ii) For every reduced k-scheme Y the product X x; Y is reduced.

PeuM
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(iii) X is reduced and for every maximal point n of X the residue field x(n) is a separable D M
extension of k.

(iv) There exists a perfect extension 2 of k such that Xq is reduced. @LL )
(v) For every finite purely inseparable extension K of k, Xk is reduced.
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Lemme : Soit F un k-espace vectoriel et K/k une extension. Pour tout sous-K-espace vectoriel F' C
E¥, il existe une plus petite sous-extension Ko C K telle que F est défini sur Ky au sens ou F = (Fy) g

pour un certain sous-Ky-espace vectoriel Fy C Fk,.
Démonstration : notons {e; };c; une k-base de E et considérons la suite exacte :

0 — F — Ex - Exg/F —0.

Soit J C I tel que B = {e;}ics se projette par m en une K-base de Ex/F. (Noter que les images des
e; forment une famille génératrice.) Soit C' = {e;},:g,; la partie complémentaire. Notons K le sous-corps
de K engendré par les coeflicients a;; des e; € C' écrits sur la base m(B) Notons @ le sous-Kp-espace
vectoriel de Ei/F engendré par m(B). Le choix de K fait qu’il existe un Ko-morphisme 7y : Ex, = Qo
qui définit 7 (au sens on © = (my) ). Posons Fy = ker(mg). Comme (Qo)x = Ex/F, en partant de la
suite exacte

0— Fy — Ex, — Qo — 0

et en tensorisant — @, K on voit que F = (Fj)x. Pour démontrer que Ky est minimal, soit L C K et
G C Ep, un sous-L-espace vectoriel tel que F = G . Alors le L-morphisme 7y, : Ef, — E /G définit =
apreés extension de L a K, donc les coeflicients a?j € L des écritures 7y (e;) = Zje./ ajje; sont égaux aux
a;j € Ko. Ceci démontre que a;; € L, donc I'extension de k engendrée par les a;; (c’est Ko) est incluse
dans L, cqfd.
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