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Stochastic Control Problem

Optimal
OO @ State of the system W; subject to stochastic dynamics

Allocation
@ Control process ¢

@ value chosen at each time depending on the available
information: adapted
lotececter e influence the dynamics of W;

@ Performance Criterion J(W, ) to be maximised

Value Function |

V =supJ(W,n)

.

Aim

@ Compute or identify the value function
@ Find an optimal strategy (if it exists)

A\




Example: Merton’s Problem

~~~~~~~~~~~~ Statement |
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isk- 0_go
5/39 Market: r!sk free asset dS; = S/rdt
Benc risky asset dS; = uSidt + 0S;dB;
Introduction @ Control process 7t € [0; 1]: proportion of the wealth

invested in the risky asset

@ State W;: wealth process

W, ds; ds?
— et (1)t
W g, (A=) S0

= (ﬂtu + (1 — ﬂ't)r)dt + 7TtO'dBt




Example: Merton’s Problem

~~~~~~~~~~~~~~ Statement Il
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6/39 @ Criterion: expected utility of the terminal wealth

Benoite de

Saporta U(X) = Xa7 0 <a< 1

Introduction

Value Function

V(t,x) = sup E[U (W)

@ Compute or identify the value function
@ Find an optimal strategy (if it exists)
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Ell;jmgute: %Ie 8(1)
Saporta —(t,x)+ sup LPO(t,x) = O
ot pe[0:1]

®(T,x) = U(x) = x~

Hamilton-Jacobi-Bellman (HJB) Equation

Introduction

15)4 2

2
£P0(t,X) = X (pu+ (1~ P)r) o (6, X) + 307PPX 2 (t,%)

v

for a factorized solution ®(t,x) = X“p(t)

0 = ¢/(t)+(t) sup {a(pu+(1-p)r)+

pel0;1]
1 = oT)

ala—1)

2

As U(WF™) = U(xWEH™) = x®U (W), we're searching

po?}
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e o(t,x) = x*e’T-1
Introduction
with
5 = sup fa(p+ (1—pyr) + 20D pze)
pe[0:1] 2
B a(p—r)?
= oart 2(1 - a)o?
reached at p* = £

(1-a)o?
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O]
O(T,Wy™™) = o(t,x)+ /t (8*+£”“¢)(u,w$’x’”)du

ou
+ martingale
t,x,m T oo t,x,m
UWwy™™) < ot x) + (—+ sup £P¢>(u,wu’ ")du
t NOU g
-+ martingale
< ®(t,x) + martingale

Hence

o(t,x) > E[U(W;*T)]

with equality when 7; = p*.
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@ V(t,x)=xeT-1

Introduction

—r

@ Constant optimal strategy m = (1ﬁa)02
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Conclusion ‘

Introduction

@ V is a solution of Hamilton Jacobi Bellman equation
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isk- 0_go
Market: risk-free asset dS; = S/rdt
Introduction I’ISky asset dSt = M(t)Stdt + O'StdBt

@ the drift alternately takes two different values
uw1 < 0and puy >0

@ transaction costs
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Motivation
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Saporta @ Fundamental approach
e fundamental economic principles

Motivation

@ Technical Analysis approach
@ past prices behaviour

@ Mathematical Approach
e mathematical models

Compare the performance of technical analysis and
miscalibrated mathematical models
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Al Tar risk-free asset dS9 = SOrdt
Market: . t t
risky asset ds; = /L(t)stdt + 0StdB¢

@ B standard Brownian motion,
Motivation - ,Lé(t) S {/.Ll,/JQ} independent of B,

@ control process m; € {0, 1} proportion of the wealth
invested in the risky asset

@ state W™ wealth when strategy = is applied
@ criterion expected utility of the terminal wealth

Maximise the expected utility of the terminal wealth \
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Benc
Sa

Moving average

t

" 1
Motivation Mté = — Sydu
0 Ji—s

o If St > M buy

o If St <M/ sell s

—— Moving

u1 =—0.2, up =0.2, 0 =0.15,
6 =0.8.
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Previous Work

"""""""""""" Framework

Optimal .
Pt BLANCHET, DIOP, GIBSON, KAMINSKI, TALAY, TANRE (2005)

Allocation
16/39 . 0 0
risk-free asset dSy = S/'rdt,

risky asset dS; = p(t)Sidt + 0SidBy,

Ben

One change of drift
o ut)y=pift<r
@ u(t)=ppift>r
with P(7 > t) = e~

detect 7 \

Motivation

w1 =—0.2, up =0.2, 0 =0.15,
A= 2.
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s @ theoretical study of the value function

Benoite de

Saporta @ theoretical study of detecting the change of drift

@ numerical comparisons of strategies
o well calibrated detection
e miscalibrated detection
@ moving average

Motivation

@ Moving average strategy can overperform miscalibrated
mathematical strategies

@ Range of misspecifications for which this is true
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@ Several changes of drift
(§2n11) iid Exp(A1)
(€2n) iid Exp(A2)
0=0m=&+" "+

Ben

Framework

£) — j if 2n <t< T2n+1
o W Tonp1 S <7onyo

@ Transaction costs 4= —0.2, up = 0.2,

@ Jo1 buying cost 0=0.15 1 =X =2.
@ 0o selling cost ’
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Control process: m; € {0, 1} proportion of the wealth
Beno de . . .
invested in the risky asset

Framework Tt must be f'ts —adapted

Problem |
Fo# F2 =0(By,u<t)

— Change of framework




Filtering Theory

G Optional Projection: Fi = P(u(t) = uy | FY)
Allocation

21/39 = 1 St t o?

Martinez, Rubenthaler, Tanré 2005 ‘

Benoite de
Saporta

B @ Bis a (F°) Brownian motion
o FS=7%B
ds _
S—tt = (NlFt -+ /1,2(1 = Ft))dt + od By

v

KuRTZ, OCONE 1988 ‘

dFc = (= MFi+ (1 - F))dt+ 2R (1 - F)dB,

v
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Benc
Sa

State: pair (W, Ft)

Dynamics:
dw/ _
Framework Wﬂt- = (Trt(:ul':t + /1’2(1 - Ft)) + (1 - ﬂ-t)r)dt + 7Tt0'd Bt
t—
—9015(A7rt = 1) — g]_()(S(AT(t = —1)
dFy = F1
¢ = (= MF+22(1—F))dt+

L7121 F)dB,
o

Criterion: expected utility of the terminal wealth
Utility: U(x) = x*, a €10, 1]
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Value . . . .
Function @ Dynamic Programming Principle
@ Hamilton Jacobi Bellman Equations
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VO(t,x, )

SUPE[U(WF) | 7 = O, W =X, F = 1]

Vit,x,f) = SupE[UWT)|m- =1,WT =x,F =f]
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VO(t,x,f) = SupE[UWT)|m- =0,W" =x,F =f]

Vl(t,X,f) = SUpE[U(W-F) ‘ Ti— = 1’Wt71 = X7Ft = f]

V.

Continuity ‘

Forallie {0;1},0<t<f<T,x,x>00<ff<1

IVIE, %, f) = Vi(t,x,f)|
< CA+x*L 4R (IR — x|+ x(If —f| + [T - tY/?))
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s Dynamic Programming Principle
S Forall0 <s <t <T andXx,f,i:

Vi(S,X’f) = sup ]E[Vﬂt_ (t,WtS_,X,f,ﬂ" Fts’f )]

Proof:

J(s,x,f,m) = E[UWM)
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s Dynamic Programming Principle
S Forall0 <s <t <T andXx,f,i:

Vi(S,X’f) = sup ]E[Vﬂt_ (t,WtS_,X,f,ﬂ" Fts’f )]

Proof:

J(s,x,f,7) = E[UWS'™)] = E[E[UWS*IT) | Foul]



Dynamic Programming Principle

Optimal
Portfolio
Allocation
25/39

s Dynamic Programming Principle
S Forall0 <s <t <T andXx,f,i:

Vi(S,X’f) = sup ]E[Vﬂt_ (t,WtS_,X,f,ﬂ" Fts’f )]

Proof:

J(s,x,f,7) = E[UWS'™)] = E[E[UWS*IT) | Foul]

= E[3™ (t, Wts,’x’f’”, Fts’f ,7)]
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s Dynamic Programming Principle
S Forall0 <s <t <T andXx,f,i:

Vi(S,X’f) = sup ]E[Vﬂt_ (t,WtS_,X,f,ﬂ" Fts’f )]

Proof:

J(s,x,f,m) = BUWSS™)] = B[EUMWEM™) | Foul]
= E[3™ (t, Wts,’x’f’”, Fts’f,7r)]

< EVT (1, W ES)]



Dynamic Programming Principle
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Optimal Fix 7 such that
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26/39 Y = SUpE[Vﬂ—F (t, WtSiX,fnr’ FtS,f)] < €—|—E[V7r17 (t, WtSiX,er7 FtS,f)]

Ben
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JEM V= supE[V ™ (1, W0 FSN] < BV (1, WS RS
Benc de ™
(Bp)pen partition of ]0; +oo[x[0; 1] such that
for all i, (x,f) and (&, f) in By and for all :

|Vi(t,X,f) _Vl(taiaf” <e, |Ji(t,X7f,7T) —Ji(t,),i,f’ﬂ'ﬂ <e€
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JEM V= supE[V ™ (1, W0 FSN] < BV (1, WS RS
Benc de ™
(Bp)pen partition of ]0; +oo[x[0; 1] such that
for all i, (x,f) and (&, f) in By and for all :

|Vi(t,X,f) _Vl(taiaf” <e, |Ji(t,X7f,7T) —Ji(t,),i,f’ﬂ'ﬂ <e€

V S e+ ZE[VFI, (t,WtSiX;fﬂT’FtS,f)]l

. (Wtsf'x’f'ﬂ,Fts'f)GBp]
p=
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Optimal Fix 7 such that
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JEM V= supE[V ™ (1, W0 FSN] < BV (1, WS RS
Beno de ™

(Bp)pen partition of 0; +o0o[x [0; 1] such that
for all i, (x,f) and (&, f) in By and for all :

|Vi(t,X,f) _Vl(taiaf” <e, |Ji(t,X7f,7T) —Ji(t,),&,f,ﬂ'ﬂ <e€

9]
V S e+ ZE[VFI, (t,WtSiX;fﬂT’FtS,f)l
p=0
fix (Xp,fp) in Bp

Xf,m Wf
(WhT F )eBp]
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JEM V= supE[V ™ (1, W0 FSN] < BV (1, WS RS
Benc de ™
(Bp)pen partition of ]0; +oo[x[0; 1] such that
for all i, (x,f) and (&, f) in By and for all :

’Vi(t,X,f) _Vl(tvﬁafﬂ <e, |Ji(t,X7f,7T) —Ji(t,),i,f’ﬂ'ﬂ <e€

9]
V S e+ ZE[VFI, (t,WtSiX;fﬂT’FtS,f)l
p=0
fix (Xp,fp) in Bp

(Wtsf'x’f'ﬂ,Fts'f)GBp]

o0
V S e+e—+ ZE[VW17 (t, Xp, fp)l(WtS;X’f’WJ:ts’f)GBP]
p=0
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< T— sx,f,m s
E 27/39 V<e+e+ ZOE[V ! (thF’?fp)l(Wl; oo e ’f)eBp]
zi! ,.:VL p=

For fixed p, i, let 7" be a strategy on [t, T] such that

Vi(t7Xp,fp) Set Ji(t,Xp,fp, 7rp7i)
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27/39 V<e+e+ Z E[Vﬂt* (t, Xp, fp)l(wts;x,f,ﬁ7Fts,f)eBp]
y p:0

For fixed p, i, let 7" be a strategy on [t, T] such that

Vi(t7Xp,fp) Set Ji(t,Xp,fp, 7rp7i)

V < edetet Y BT (txp, T, mP)1

- (Wtsix’f’w,Fts’f)GBp]
p=
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27/39 V<e+e+ ZE[V”t (t, Xp,fp)l(wsxfr FSf)eBp]
) p 0

For fixed p, i, let 7" be a strategy on [t, T] such that

Vi(t7Xp,fp) Set Ji(t,Xp,fp, 7rp7i)

v < 5+5+5+ZE[J’Tt (6 %p, Fo, 77 ) A s
p=0
< e42+¢
o)

Yt

m_ sxfr =sf _p7_
+z(:)IE[Jt (W R AP e oty
-
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20/%9 V <de+ > BT (L, WO RS 2P )1
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Saporta p=0

X7 ,f
(Wtsfx T7Fts )GBP]

Combining step

R {wu fs<u<t
7Tu:

m T ifu>t, and (WM RSN € B,

Programming
Principle
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Saporta p=0

X7 ,f
(Wtsfx T7Fts )GBP]

Combining step

R {wu fs<u<t
7Tu:

m T ifu>t, and (WM RSN € B,

V < e+ BT (6, WSNT RS A
= 4 + E[E[UWE™T) | Forl]

4e + E[U(WS*ET)

4e + E[V'(s,x, )]

IN
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E;HLL}ZEL:TL'JP min { ‘CO()OO P ( f) - gpl(tj X(l - g01)7f)} =0
min { — S5 — Lh o' (t,%,f) — ©°(t,x(1 — 910),f)} =0

Lo(t,x,f) = xr—(t,x,f)-ﬁ-(—Alf-&-)\z(l—f))z—f(t,x,f)-&-
1/ —pe 20%p
2( o )f (1 ="z (b1

B 0?
Lro(t, x,f) = x(u1f+u2(1—f))8—f(t,x,f)+ XZUZTf(t x,f)

9 &
—|—( — )\1f + )\2(1 — f))—(t,x,f) + X(/,L]_ — /,Lz)f(l — f)m(t,x,f)

1/ — 2P
+z (B ~ )f(l—f) Z2tx,h)



Viscosity Solutions

Optimgl
Ao (P)  F(t,x,v(t,x),D(t,x),Dv(t,x),D?v(t,x)) =0
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@ V is a viscosity sub-solution of (P) if

F(t.%,v(t,X), Dio(t, X), Deo(t, X), D?p(t, X)) < 0

for all (t,x) and all functions ¢ C*2 such that (t,X) is a
local maximum of v — ¢

@ V is a viscosity super-solution of (P) if

for all (t,X) and all functions ¢ C12 such that (t,X) is a
local minimum of v — ¢
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e Ve : set of continuous functions ¢ on [0; T] x [0; +-00[X[0; 1]
Eolelos satisfying ¢(t,0,f) = 0 and

Saporta

A

sup lo(t, x, ) — (t, %, )|
[0:T]x]0s+o02x[0;1]2 (1 + X1 4 X~ 1) (|x — X[ + x|f —1])

(VO V1) is the unique viscosity solution of HIB equation in
V. x V, satisfying

VO(T,x,f)=VYT,x,f) =U(x) = x®
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Numerica e Numerical Results
Results @ Value Function
@ An Efficient Strategy

@ Comparison of Strategies
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Vi(t,x,f) = sSUupE[U(WH ™) = xevi(t, 1,f)

Benoite de
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Numerical Scheme ‘

o VT, fy=VYT,f)=1
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Vi(t,x,f) = sSUupE[U(WH ™) = xevi(t, 1,f)
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Numerical Scheme ‘
o VT, fy=VYT,f)=1
e With the PDE part in HJB, compute VO(t, ) et V(t, )
from VO(t + dt, ) and V1(t +dt,-)
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Vit x,f) = sup E[U (W Wt = xevi(t, 1,f)
Saporta

Numerical Scheme ‘
o VT, fy=VYT,f)=1
@ With the PDE part in HIB, compute VO(t, ) et V(t, )
from VO(t +dt,-) and V1(t + dt, )

@ Comparison
o if VO(t,f) > (1 — go1)*Vi(t,f
otherwise VO(t, f) = (_—g 01
o IfVl(t,f) > (1 — 910) Vo (t f
otherwise V1(t,f) = (1 — gao

), set VO(t,f) = VO(t,f)
)°Vi(t,f)
), set Vi(t,f) = Vi(t,f)
)°VO(t, f)




2,0 =0.15,

A2

A1

R

R
R

R

X
X ..,“ N

2 = —p1 =02,

=3
001

=0

Parameters: T

Value Function V°
Jo1 = 910

Shape

noite de

—_ c
8290 o
ESER
g553
T

Value Function



Value Function V?°

Regularity |

Optimal i =
Qptimal Transaction costs gg; = g0 = 0.01

Ag%c/astgn Zoom betweent =25andt=3=T
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5
SRS
XSS,

1016e-3
1013e-3
1010e-3
vy
1004e-3
1001e-3
998e-3

Value Function




Value Function V°
""""""""""" Regularity Il
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Benote de . B Sections att = 2.90,
L Sectionatf = 0.05 t=201,t=2092 t=2093

Value Function
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penote e @ Compute V0, V1

@ Estimate F; from the
stock

@ Compare VO(t,Fy) et
Vl(t,Ft):
A @ buy if A .
VO(t,Fy) = (1 — go1)*Vi(t,F)

e sellif .
Efficient Strategy Vl(t7 Ft) == (1 - glo)avo(t7 Ft)

w1 =—0.2, up =0.2, 0 =0.15,
M=2,20=2,T=3
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38/39 @ Computation of the value function:

Biﬂf@i‘e e time discretization step 10~°
e space discretization step 103

@ 10° Monte Carlo simulations of the Efficient Strategy

Fo 0 0.1 0.2 0.3 0.4 0.5
VO 1.061 | 1.057 | 1.053 | 1.049 | 1.045 | 1.043
Strategy | 1.061 | 1.056 | 1.052 | 1.049 | 1.045 | 1.043

Fo 0.6 0.7 0.8 0.9 1
VO 1.041 | 1.039 | 1.038 | 1.037 | 1.036
Strategy | 1.040 | 1.039 | 1.038 | 1.037 | 1.036

Efficient Strategy




Miscalibrated Efficient Strategy vs Moving
’’’’’’’’’’’’ Average
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miscalibrated parameters: miscalibrated parameters:
w1 =—1.8, up =1.8, 0 =0.15, w1 =—1.8, up =18, 0 =0.25,
M=4, =4 M=4, =4

e Real parameters: ;1 = —0.2, u, = 0.2, 0 = 0.15, A\; = 2,
\2=2,T=35=08
100000 Monte Carlo Simulations
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