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Abstract

In this work, we introduce a natural class of chaotic flows on non-compact manifolds, called
H -flows, which includes geodesic flows on non-compact manifolds with pinched negative curvature.
We show that, under the additional assumption, called strong positive recurrence, that their entropy
at infinity is strictly smaller than the topological entropy, such flows admit an invariant probability
measure maximizing entropy. In particular, we compare several notions of entropy in a non-compact
setting.
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1 Introduction

1.1 Anosov flows on compact manifolds

Anosov flows are the archetype of chaotic dynamics. Defined by Anosov in [Ano69], an Anosov flow
is a differentiable flow on a compact manifold such that the tangent bundle of the manifold splits into
the direct sum of three invariant subbundles, the (one-dimensional) direction of the flow, the stable
bundle, uniformly contracted in the future by the differential of the flow, and the unstable bundle,
uniformly contracted in the past. Anosov flows exhibit many remarkable properties. The shadowing
property, also known as the pseudo-orbit tracing property, tells us that any path not too far from an
orbit is very well approximated by a true trajectory. These flows are expansive: two points on different
orbits separate one from another at some time, in the future or in the past. They also satisfy the
closing lemma: near any almost closed orbit, one can find a periodic one. As a consequence, there
are infinitely many periodic orbits and they are dense in the non-wandering set of the flow. This is a
manifestation of chaotic behaviour.

From the ergodic point of view, an Anosov flow admits infinitely many (ergodic) invariant probabil-
ity measures, whose typical points describe infinitely many different typical behaviours. It is another
manifestation of chaotic behaviour.

Anosov flows have positive topological entropy. Topological entropy is the exponential growth rate,
when the time T goes to infinity, of the maximal number of different “behaviours” of orbits of period
T. Therefore, positive entropy is another typical property of very chaotic dynamics.

The closing lemma allows to show that for Anosov flows, this topological entropy coincides with
the Gurevic entropy, i.e., the exponential growth rate when T" — 400, of the number of periodic orbits



with period at most 7. This does not hold in general: there exist examples of minimal flows (so, with
no periodic orbits) of positive topological entropy, see [Ree81, BCLRO7].

The wvariational principle (see [Wal82l, §8.2]) states that for any continuous dynamical system on
a compact metric space, the topological entropy equals the variational entropy, that is the supremum
of the measure-theoretic entropies of all invariant (ergodic) probability measures. When it exists, a
measure that realizes the supremum, i.e., whose entropy equals the topological entropy, is called a
measure of mazximal entropy. Typical orbits of such a measure reflect the most chaotic behaviour of
the dynamics.

For transitive Anosov flows (on a compact manifold), in [Bow72] Bowen showed that there exists
a measure of maximal entropy, obtained as a limit of measures equidistributed on longer and longer
periodic orbits. Bowen-Ruelle [BR75] obtain the uniqueness (in the more general context of equilibrium
states) for transitive Axiom A flows. Bowen’s proof crucially relies on the specification property of
Anosov flows: for it, the compactness of the manifold is essential. Margulis [Mar69, [Mar04] provided
an alternative construction, using equidistribution of larger and larger pieces of unstable manifolds,
where compactness is also used to guarantee the convergence of the construction. Sullivan [Sul79)
proposed a geometric construction that holds only in the particular case of geodesic flows in negative
curvature. His construction is very robust and extends to noncompact manifolds, see for example
[OP04], PPS15, [ST21], but only for geodesic flows.

1.2 Dynamics on non-compact manifolds, motivations

In the non-compact setting, the picture is less clear, for many reasons. Let us highlight some of the
main difficulties and questions.

e The notion of Anosov flow does not generalize easily to the non-compact case. The definition and
several resulting properties, closing lemma in particular, depend strongly on the compactness of
the manifold.

e Under what kind of assumptions do topological entropy and Gurevic entropy coincide?

e There exist many different, useful notions of measure-theoretic entropy, such as Kolmogorov-
Sinai entropy, Katok entropy, Brin-Katok upper and lower local entropies. Do they coincide in
general?

o Thanks to [HK95a], the variational principle still holds for a non-compact manifold, and so we
can still talk about measures of maximal entropy. Nevertheless, by lack of compactness, there is
no easy argument to ensure neither the existence nor the uniqueness of an invariant probability
measure maximizing entropy.

Although these questions do not have clear answers in general, there are two very important classes
of (non-compact) dynamical systems for which some results exist: suspension flows over a symbolic
dynamics with countable alphabet on the one hand, and geodesic flows on the unit tangent bundle
of (non-compact) negatively curved manifolds on the other hand. In both cases, different relevant
notions of entropy coincide. See for example [OP04, [PPS15| [ST21], (GST23] for the geodesic flow, and
[VI67, [Sar99, MUO1, [Sar03, BBGO6, [CS09, BBGI14] for subshifts and suspension flows over infinite
alphabets.

In the case of geodesic flows, under an assumption called strong positive recurrence, see [ST21),
GST23], one can prove the existence of a (unique) invariant probability measure that maximizes
entropy. This notion appeared in different ways in different contexts: for Markov shifts [VJ67, [Sar03],
for geodesic flows [ST21L [GST23], for diffeomorphisms on closed manifolds [BCS25], in geometric group
theory [ACT15| [Yan19], for Hénon-like diffeomorphisms [Ber19], ...

Strong positive recurrence means that the exponential growth of the complexity of trajectories that
spend most of the time close to infinity (or to any other bad zone, in different contexts), also called
entropy at infinity, is strictly smaller than the global exponential growth of the dynamics, i.e., the
entropy. In [GST23], the authors introduce different notions of entropy at infinity, in terms of periodic
orbits, or invariant measures, or critical exponent, i.e., orbital growth of the fundamental group, and



show that they coincide. However, as in [ST21], the core of the proof of the existence (and uniqueness)
of a measure of maximal entropy relies on geometric arguments specific to geodesic flows, since it uses
the critical exponent and the critical exponent at infinity. These critical exponents make sense only in
this geometric setting, and the measure of maximal entropy is obtained in a geometric way, through
the so-called Patterson-Sullivan construction.

The initial motivation of this work was to propose a general dynamical framework where this kind
of results holds. More precisely, our initial goals were the following ones.

1. Propose a relevant definition of Anosov flow in the non-compact setting, that includes geodesic
flows of non-compact hyperbolic manifolds.

2. Compare different notions of entropy in this context.

3. Give one or several definition(s) of entropy at infinity and compare them.

4. Under a strongly positive recurrent hypothesis, construct a measure of maximal entropy.
5. Study the uniqueness and ergodicity of this measure.

6. Construct new families of examples.

1.3 Our results

In the present work, we address points and (4. We postpone point |§| to [FSV25].

The definition of an Anosov flow (on a compact manifold) strongly uses the Riemannian metric.
It does not matter in the compact case, where all metrics are equivalent, but becomes an important
choice in the noncompact setting.

In [DLRW13], the authors avoid this choice by proposing a definition of topological Anosov flows,
relying on the idea that two points (z,y) € M? are said close if they belong to a small neighbourhood
of the diagonal in M x M. A topological Anosov flow is then a topologically expansive flow, which
satisfies a topological shadowing property. Nevertheless, they observe that this definition does not
have clear relations with the usual one, even in the compact case.

In Section [2[ we address point [I| with another approach, inspired by [CS10]. We propose an
axiomatic definition of a H-flow on a (non compact) manifold, by requiring dynamical properties that
mimic properties of compact uniformly hyperbolic flows in the non compact setting. These properties
are stronger than those of [CS10]. Observe that this axiomatic definition finds echos in [BEM25|, where
the authors introduce the notion of Anosov-like group actions by asking for the occurrence of certain
properties. More precisely, in Definition we define a H-flow on a (non compact) Riemannian
manifold M as a C! flow ¢ with lipschitz bounds that is transitive, expansive, satisfies a closing
lemma and a suitable shadowing property. We observe in Theorem that the geodesic flow of a
negatively curved manifold with pinched negative curvature, a lower bound on the injectivity radius
and a full nonwandering set is a H-flow.

Observe that we require a H-flow to be transitive on the whole manifold. It is likely that we could
weaken this property, defining what could be thought of as a noncompact Axiom A flow, with good
uniformly hyperbolic behaviour in restriction to a closed invariant attractor instead of a noncompact
generalization of an Anosov flow on the whole manifold, and get the same kind of results. This should
heuristically work but presents some technical difficulties that we hope to solve in the future.

The definition of H-flow uses a little bit the Riemannian metric and more deeply the induced
distance d on M, but not so deeply as the usual definition of Anosov flow. A natural alternative
approach would be to adapt the definition of Anosov flow in the noncompact setting, by requiring
some contraction and expansion of stable/unstable bundles, with a uniform control on the angle
between them. We refer to [FSV25] to compare this approach with the present one, and show that a
noncompact Anosov flow with further natural uniform assumptions is a H-flow. In [FSV25] we will
also construct new families of examples, besides geodesic flows, of H-flows on non compact manifolds,
providing then answers to point[6 These examples will be non compact versions of the systems studied
in [FHI13] and [FHV2I].



On the way towards the construction of a measure of maximal entropy for H-flows, we needed
to define, clarify and compare different notions of topological and measure-theoretic entropies in this
noncompact setting. We describe them briefly in this introduction and refer to sections [3] [4[f] for
details.

Let ¢ be a flow on M and let p be a p-invariant probability measure. The classical Kolmogorov-
Sinai entropy his(u) measures the asymptotic growth of the average information of a finite measurable
partition iterated under the dynamics (see Definition . We will also largely use the Katok entropy
hkat (1), that uses Bowen’s definition of dynamical balls. A dynamical ball B(z,e,T) is the set of
points y € M whose trajectory follows the one of x at the precision € during a time 7. Katok entropy
is the asymptotic growth rate of the minimal number of dynamical balls needed to cover a set of a
given positive measure, see Definition [3.7 Given pu, we can also consider the asymptotic lower and
upper exponential decay rates of the measure p of a typical dynamical ball, called the Brin-Katok
lower and upper local entropies hpy (1) and hpx (1), see Deﬁnition Collecting those of the results
of [Kat80, BK83, [Riql§|] that hold in the noncompact setting, we observe in Corollary that when
a measure p is ergodic, all these notions of entropies coincide. Comparison between these entropies
for a nonergodic measure is less clear, partial results are recalled in Theorem [4.2]

The well-known variational principle asserts (in the compact setting) that the topological entropy
of a dynamical system coincides with the supremum of Kolmogorov-Sinai entropies over all invariant
measures. In the noncompact setting, the historical notion of topological entropy through open cov-
ers, due to Adler-Konheim-Weiss [AKM65] is too often infinite, and therefore not relevant. Bowen’s
definition of topological entropy [Bow75| strongly relies on the metric on M. To bypass this depen-
dence, the noncompact variational entropy proven by Handel and Kitchens [HK95b] shows that for a
dynamical system on a noncompact manifold, the supremum of Kolmogorov-Sinai entropies over all
invariant probability measures is equal to the infimum of Bowen metric entropies over all distances
defining the topology. Therefore, as in [ST21),[GST23], we call variational entropy of the flow, denoted
by hvar(¢), this supremum of Kolmogorov-Sinai measured entropies over all ¢-invariant probability
measures, see Definition [3.3] When it exists, a measure realizing the supremum is called a measure of
maximal entropy. The existence of such a measure allows to build orbits that achieve in some sense
the maximal possible chaotic behaviour of the dynamics.

In hyperbolic dynamics, topological entropy is often measured through the so-called Gurevic en-
tropy hgur(p), i.e., the exponential growth rate of the number of periodic orbits of period at most
T, when T — +o0o. We study its basic properties in the context of H-flows in Theorem [3.10} In
Theorem [4.3] we show that for a H-flow ¢, the Katok entropy of a g-invariant probability measure is
always bounded from above by the Gurevic entropy:

hKat(,U) < hGur(‘p) )

which implies immediately
hvar(SD) < hGur(QO) .

In Section |5, we introduce a notion of entropy that has not been used yet, to our knowledge.
The chord entropy he(p) of a H-flow is the exponential growth rate of the maximal cardinality of a
separated set of chords from (the neighbourhood of) a point to (the neighbourhood of) another point.
We prove in Theorem [5.12] that this entropy coincides with Gurevic entropy :

hC((P) = hGur((p) .

It turns out that this definition through chords is much more flexible, and therefore more convenient
to use in several arguments.

The results mentioned above answer question[2] In Sections[3.4} [5.4and [5.5) we address the different
possible definitions of entropies at infinity, as proposed in point [3, We are particularly concerned with
two of them:

o the Gurevic entropy at infinity h,,.(¢) is the exponential growth rate of the number of periodic
orbits that spend most of their time outside a large compact set (see Definition [3.16]);



o the chord entropy at infinity hi°(p) is the exponential growth rate of the number of separated
paths which remain outside a large compact set.

In Theorem [5.22] we prove that, for a H-flow, these two notions of entropy at infinity coincide:

The heart of the paper is the construction of a measure of maximal entropy, as asked in the above
point {4l As in [ST21l IGST23] for geodesic flows, we say that a H-flow ¢ is strongly positively recurrent
if its Gurevic entropy at infinity is strictly smaller than the Gurevic entropy:

%rour((p) < hGUT((p) :

All results mentioned above are interesting and useful. However, the main result of the paper is the
following Theorem.

Theorem 1.1. Let ¢: M — M be a H-flow on a Riemannian manifold (M,g) such that hE, (¢) <
hcur (). Then, there exists a p-invariant probability measure mmax on M maximizing entropies:

hKS (mmax) - ﬁBK(mmax) - EBK(mmaX) - hKat(mmaX) - hGur(SO) - hvar(@) .

Note that we are interested in H-flows, but we could have defined a very similar notion of H-
diffeomorphisms and proven the same result. We let the verification to the interested reader. Moreover,
as said above and suggested to us by L. Flaminio, it is likely that this Theorem could be extended to
flows that satisfy transitivity, expansivity, closing lemma, and shadowing on a closed invariant subset
of the Riemannian manifold. This should be checked.

The main idea for the proof of Theorem is inspired by the approach of Bowen in [Bow72]. We
construct a sequence of p-invariant probability measures, each one obtained by normalizing the sum
of all measures supported on periodic orbits of (almost) given period. Up to extracting a subsequence,
we consider a weak limit of this (sub)sequence. One of the main difficulties on non compact spaces
arises here: the sequence could loose its whole mass at infinity and converge to the zero measure.
Strong positive recurrence prevents a total loss of mass: the limit measure mq, is non zero. Therefore
it can be renormalized into a probability measure mmax, and the latter is the good candidate to be
a measure of maximal entropy. It remains to compute carefully its entropy. This is done through a
strong uniform control of the mu, measure of all dynamical balls of the manifold. More precisely, in
Theorem we prove a rigorous version of the following heuristics : on every compact set K, up to
uniform constants, for every z € K, the measure of every dynamical ball B(x,e,T) such that ¢p(x)
belongs in K satisfies

Mmax(B(x,e,T)) < -/\/C<1’17T75)7
where the denominator is the cardinality of a d-separated set of chords of time-length T from a
neighbourhood of z to itself. This strong uniform statement allows easily to compute the entropy of
the measure and deduce Theorem [l

Theorem [7.6] is proven through subtle subadditivity statements: Propositions [6.4] and These
subadditivity statements are quite classical for hyperbolic flows on compact manifolds, or in a symbolic
context and say essentially that the number of periodic orbits of period L is essentially comparable to
the product of the number of periodic orbits of period L — T times the number of periodic orbits of
period T'. This is done by cutting / concatenating periodic orbits at good points. The main difficulty
that we have to deal with is that a very long periodic orbit does not necessarily come back often
in a given compact set, so that it is very hard to play the usual game and cut it into two smaller
periodic orbits intersecting the same compact set. Indeed, to compare the number of long periodic
orbits intersecting a given compact set with the number of shorter periodic orbits, we need to show
that most periodic orbits come back almost regularly in a compact set. This is done in Proposition [6.9]

Our approach does not allow us yet to explore whether such a maximal entropy measure is unique
or ergodic. We would like to address this question in the future. Moreover, as in the case of geodesic



flow, it is likely that the strong positive recurrence assumption is not necessary for the existence of a
measure of maximal entropy. This should also be investigated.

The structure of the paper is the following. In Section [2] we define H-flows. In Section [3| we
define different entropies of a @-invariant probability measure. In Section 4] we compare them. In
Section [} we introduce the notion of chord entropy and compare it to the Gurevic entropy. Section [6]
is the technical heart of the paper. Under the strong positive recurrence assumption, we construct
the measure that is the natural candidate to be the measure of maximal entropy, and we deduce from
its existence subtle subadditivity properties on the number of periodic orbits of a given period. These
properties are classical in a compact setting, but absolutely non trivial without compactness. In the
last Section [7, we deduce that the measure that we constructed is the required measure of maximal
entropy.
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2 H-flows on non-compact manifolds

We propose here a definition of hyperbolic flows on non-compact Riemannian manifolds through some
important dynamical properties that they satisfy. The definition involves the distance, but not the
Riemannian structure. We call them H -flows, thinking in particular to hyperbolic flows, but this word
has too many significations so that we prefer to avoid it.

We first describe the dynamical properties used in the description of H-flows.

2.1 Notations

Let (M,g) be a complete connected Riemannian manifold and denote by d the associated distance.
Let (¢)ier be a Cl-flow on M generated by a vector field X.

If ¢ : [a,b] — M is a piece of orbit of the flow ¢, i.e. ¢(t) = ¢(x) for some x € M, and t € [a, ],
denote by £(c) = b — a its “length”. By extension, if 7 is a periodic orbit (possibly with multiplicity),
we denote by I() its period (with multiplicity); we will sometimes refer to £() also as the “length”
of the periodic orbit. For A C M any measurable subset, and 7 a periodic orbit, we define also

t(ynA) = {t [0,£()]~(t) € A}

2.2 Bounds on the flow

We require that for every 7 € [—1,1], the time 7-map ¢, of the flow is Lipschitz continuous with
uniform Lipschitz constant: there exists a constant lip(p) such that for all z,y € M, and 7 € [-1,1],

d(er(2), pr(y)) < lip(p) d(z,y) . (1)

We also assume that there exist 0 < a < b such that for every z € M, there exists p > 0 such that
for every t € [—p, p], we have
alt| < d(z,pi(x)) < blt| (2)

We could probably weaken the constraint on the lower bound, with the existence of such a constant
a on every compact set. On the contrary, we really need b to be uniform. Notice that the lower
bound is true locally for ¢ € [—p,p|], whereas triangular inequality implies that the upper bound
d(z, ¢(x)) < blt] is satisfied for every t € R.

Property can be obtained by a uniform control on the norm of the infinitesimal generator X
of the flow as stated in the following lemma.



Lemma 2.1. If there exist a’,b' > 0 such that for every x € M,
0<d <[ X(2)]| <V < o0, (3)
then there exist 0 < a < b such that property (@ 18 satisfied.

Proof. Let x € M. Consider the exponential map exp, : U C T, M — V C M and let Y = exp} X.
Choose an orthonormal basis (eq,- - ,e,) on T, M endowed with the scalar product g, given by the
metric. This allows to identify T, M with the canonical euclidean space R™. Without loss of generality,
we may assume Y (0) = | X (x)Ha%l By definition of the exponential map, for every point y € V,
d(x,y) = || expy  (y)|leuct Where || - [Jouet is the Euclidean norm on R™. Write Y = (Y3,...,Y,). One
may shrink U to ensure that, for all v € U, ||V (v)|leua < 20" and Y1(v) > a'/2. Therefore, for ¢ small
enough

< | [ Vitow (pue)is| < dos ) = | [ Ve utanas| < 2wl

eucl

2.3 Topological transitivity

Definition 2.2 (Transitivity). The flow ¢ is topologically transitive on M if for all open sets U,V C
M and every T > 0, there exists t > T such that o (U) NV # (.

Most of the time, we will use the stronger property of Lemma where ¢ can be made almost
constant for open sets U,V inside a given compact set K.

2.4 Closing lemma

Definition 2.3 (Closing lemma). The flow satisfies the closing lemma if for every e >0 and x € M
there exists 6 > 0 and Tyin > 0 such that for every y € B(x,e) and t > Tnin with d(ee(y),y) < 0,
there exist z € B(y,e) and T € [t — e,t + €| such that p,(z) = z and d(ps(2), ps(y)) < € for every
0<s<t.

Figure 2.1: Closing Lemma



2.5 Expansivity
We follow [FH19, Definition 1.7.2].

Definition 2.4 (Expansivity). The flow ¢ is said expansive if for every v > 0 there exists € > 0 such
that for all x,y € M, if there exists a continuous map s : R — R such that s(0) = 0 and for every
t€R, d(pi(z), pst)(y)) < €, then there exists T € [~v,v] such that y = ¢ (z).

Proposition 2.5. The geodesic flow (g;)icr on the unit tangent bundle M = T*N of a (not necessarily
compact) pinched negatively curved manifold N whose injectivity radius is bounded from below by a
positive constant is expansive with respect to the distance on T'N induced by the Sasaki metric on
TTN.

We refer for example to [PPS15] p.18-19] for definitions and elementary useful facts on the Sasaki
metric.

Proof. Let p > 0 be the positive infimum of all injectivity radii p;,;(x) at all points 2 € N. Choose
€ < p/2. Consider two vectors v,w € M = T'N and a map s : R — R that satisfy d(gv, gspyw) < €
for every t € R.

Denote by N the universal covering of N. We claim that there exist v,w € TN such that
d(gi, gs(1yw) < € for every t € R. Indeed, choose ¥ and w two lifts of v and w such that d(v,w) < e.
Assume by contradiction that there exists ¢ such that d(g:v, gsyw) = €. Then, as d(gv, gshw) < ¢,
we can find a lift w; of gy)w such that d(g,v,w:) < e. Therefore, the two lifts g w and w; of gyyw
satisfy d(gs(w,w) < 2e < p. This is in contradiction with the definition of injectivity radius.

Now, recall that N is a Hadamard manifold with pinched negative curvature. It implies that there
are no distinct parallel geodesics. Therefore, as d(g;v, gs(w) < ¢ for every t € R, there exists 7 € R
such that w = g,v. Moreover, we have |7| < & by assumption. O

This condition of positive lower bound on the injectivity radius can fail for different reasons. When
it fails, the expansivity property can still hold or it can also fail. If the manifold admits one cusp,
and no other end, expansivity still holds. If there are infinitely many periodic orbits with lengths
arbitrarily small, then one can build pairs of distinct orbits that stay arbitrarily close, one turning
around a small periodic orbit and not the other, so that expansivity fails.

2.6 Shadowing properties

Definition 2.6 (Finite exact shadowing). The flow p: M — M satisfies the finite exact shadowing
property if for every compact subset K C M, every § > 0 and every integer N € N*, there exists n > 0
such that the following shadowing holds. Given N orbits (pi(zi))o<t<t, € K fori=1,...,N starting
in K that satisfy

d(er, (i), xip1) <n,Vi=1,...,N —1,

there exists y € M such that for every 1 <i < N, and 0 < s < t;,
d(SOHZ;:l (W) ps(@i)) <6

See Figure[2.2] Here, the word finite refers to the finite number of orbits defined on finite intervals
of time and the word ezact to the fact that the orbit of y follows exactly the orbits of the (z;), without
reparametrization of time, by contrast with the usual definitions of shadowing, see for example [FHI19,
Definition 1.5.29] and [FH19, Definition 5.3.1]. For the sake of clarity, let us compare this shadowing
property with the assumptions of [CS10]. In [CS10], the authors work with flows satisfying transitivity,
closing lemma and a local product structure. This property, defined below, is stronger than the finite
exact shadowing of Definition [2.6] as proven in Lemma below.

Definition 2.7 (Local product structure). We say that ¢ satisfies the local product structure if for
every xg € X there exits g > 0 such that, for every 6 > 0 there exists n > 0 satisfying the following
property. For all x,y € B(xo, o) such that d(z,y) < n, there exists z € B(xo,c0) and |T| < § such that
d(prx, prz) < 9§ for all t <0 and d(pirry, prz) < 0 for allt > 0. We will use the standard notation

z=(z,y).



Figure 2.2: Finite exact shadowing for N = 2

Lemma 2.8. Let ¢: M — M be a C'-flow satisfying . If ¢ satisfies the local product structure
(see Definition , then ¢ satisfies the finite exact shadowing property (see Definition @

Proof. 1t is enough to prove it for N = 2, and the general case follows by successive uses of the N = 2

version. Let K be a compact subset and fix § > 0. Let §' = ILH: where b comes from the upper bound

constant in 1) As B(K,1) is compact, using the local product structure, we obtain 1 > 0 such that
for all 2,y € B(K, 1) such that d(z,y) <7, there exists z € M and || < §' such that d(pz, prz) < §
for all t <0 and d(p4ry, prz) < ¢ for all ¢ > 0.

Fix z1,29 € K and t1,t2 > 0 such that d(p, (z1),22) < 7, that is, as in the definition of finite
exact shadowing. Apply then the local product structure for ¢y, (1) and xo: it gives us z € M and
|7| < ¢’ such that d(@i1t, (21), p(2)) < ¢ for all t <0 and d(pir(2),i(2)) < 0 for all t > 0.

Set y = oy, (2). It satisfies d(p4(y), pr(x1)) < & < & for 0 <t <ty and, by (2),

A(prre, (1), pr(2)) = d(pe(2), pr(22)) < d(1(2), Prir(w2)) + A(Prir(2), pr(x2)) < 0" +bI7] <6

for ¢ > 0. The result follows. O

2.7 H-flows

Definition 2.9. A H-flow is a C'-flow (¢)ier on a complete Riemannian manifold satisfying the
following properties :

1. for every T € [—1,1], the time T map @, is Lipschitz, as in ;

2. the parametrization of the flow satisfies the bounds (@;

3. the flow is topologically transitive, see Definition [2.2;

4. the flow satisfies the finite exact shadowing property, see Definition 2.6
5. the flow satisfies the closing lemma, see Definition [2.3;

6. the flow is expansive, see Definition [2.])

Remark 2.10. By Lemma an expansive flow satisfying the assumptions (transitivity, local prod-
uct and closing lemma) of [CS10] and the controls and is a H-flow.
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Theorem 2.11. Let N be a Riemannian manifold with pinched negative curvature, bounded from
above and from below by uniform negative constants. Assume that the injectivity radius is bounded
from below by a positive constant. Let M = TN be its unit tangent bundle, endowed with the distance
associated with the Sasaki metric. If the geodesic flow (gi)icr s topologically transitive, then it is a
H-flow.

Proof. The bound saying that the geodesic flow on M at time 7, for 7 € [—1,1], is Lispchitz
continuous, with a uniform Lipschitz constant, will follow from a uniform bound on the differential of
the geodesic flow on the unit tangent bundle M for the Sasaki metric.

First note that, as the sectional curvature is bounded, the Riemann curvature tensor, which is
completely determined by the sectional curvature, is also bounded (see for instance [GHL90, Chapter
III, Theorem 3.8] or [BK81], Section 6.1]). Now, the differential of the geodesic flow on the tangent
bundle M is

D(p,v)gt(X7 Y) = (J(t)7 J/(t)) )
where J is the Jacobi field along the geodesic v defined by (v(0),+/(0)) = (p,v) with initial condition
J(0) = X and J'(0) = Y (see for instance [Bal95, Lemma 1.13]). Therefore, in order to bound
uniformly the differential of the geodesic flow, it is enough to bound uniformly ||J(¢)|| and ||J'(¢)|| for
t € [-7,7]. From a direct computation (see [Bal95, Proof of Proposition 1.19]), we obtain

(7@ + 17/ 01F) = 270, (1) + 7" (5)) = 2T (1), T(t) = ROI(), 7' ()0 (1))
<20l @IT@I < C (TN +[17#)]2)

for some C' > 0 where R is the curvature tensor. Using Gronwall’s inequality, we obtained the desired
bound.

The bounds follow from an elementary computation: in the classical horizontal/vertical co-
ordinates of TTN, the geodesic vector field generating the geodesic flow satisfies X (v) = (v,0) so
that its Sasaki norm satisfies || X (v)|| = ||v|| = 1. Topological transitivity is an assumption. Finite
exact shadowing follows from the fact that geodesic flows satisfy a local product structure, and from
Lemma Closing lemma is due to Eberlein [Ebe96] in nonpositive curvature, and a short proof in
the particular case of negative curvature is given in [CS10]. Expansivity follows from Proposition

O

2.8 Properties of H-flows

In the whole section, ¢ is a H-flow on a complete Riemannian manifold M, and d is a Riemannian
distance.

Lemma 2.12. Let ¢ be a H-flow. For every nonempty open set U C M, there exists a periodic orbit
that intersects U.

Proof. Choose z € U and ¢ > 0 such that B(z,2¢) C U. The closing lemma (see Definition
associates to z and € some ¢ > 0 and Tini, > 0. Without loss of generality, 0 < e. By transitivity (see
Definition [2.2), there exists ¢ > Tyin such that B(z,8/2) Ny (B(x,8/2)) # 0. Choose some ¢(y) in
this intersection, and apply the closing lemma toy. As d(pi(y),y) < § < ¢, there exists a periodic
point z € B(y,e) C B(x,2¢) C U. This concludes the proof. O

Notation. For a compact set K C M whose interior is nonempty, denote by 7x the minimal period
of a periodic orbit (possibly a multiply covered orbit) with period > 1 intersecting K. Such an orbit
always exists for a H-flow as the interior of K is nonempty.

Lemma 2.13 (Separation of orbits). Let ¢ be a H-flow on M. For every v > 0, there exists 19 > 0
such that for every Ty > 1, there exists €1 > 0 such that the following holds. For all periodic points
xo, x1 with respective periods Ty, Ty > 11, satisfying 0 < T1 — Ty < 79, if, for all s € [0, Ty — 11] we
have

d(ps(@0), ps(71)) < &1 (4)

then x1 = @y (xg) for some u € [—v,v].

11



Proof. Fixv > 0. Let & > 0 be given by Deﬁnitionof expansivity associated with v. Let 19 = &’/2b,
where b > 0 is the constant of (2)). Fix 71 > 1. Let C(r1) = C > 1 be a uniform Lipschitz constant for
every o with ¢ € [0, 71] (such a constant exists by the Lipschitz condition in the definition of H-flows).
Let &1 = £//2C. Note that e; < &’/2.

Consider xg, z1, Tp and T} as in the statement of the lemma. Then, for every t € [Ty — 71, To],

/

d(pe(x0), pe(x1)) < Cd(91y—r, (@0), PTy—m, (¥1)) < C1 = =,

2
where the last inequality holds because of . Therefore, for every t € [0, Tp],
8/
d(et(z0), pr(a1)) < 5 -
Thus, for every t € [0,Tp], because of this last inequality and because of ,
Ty e 14 ,
d{¢,m (71),01(z0) | < d |1 (21),0e(21) ) +d(pr(z1), pe(20)) < bt |- — 11+ 5 <brg+ - < €.
Ty T, To 2 2

As (o) and P (x1) are Ty periodic, the inequality
0

d (901:;(1)(951)7 SOt(fUO)) <é

holds for every ¢t € R. From the expansivity property, see Definition [2.4] we get a parameter u such
that |u| < v and z1 = (). O

Lemma 2.14 (Uniform transitivity). Let ¢ be a H-flow on M. Let K' C K C M be two compact
subset with nonempty interior. Let 6 > 0. There exists o > 0 such that for every x,y € K and for
every S > o there are z € M and T € [S — 7k, S + Tk] such that

e () NK' #0, d(r,z) <d and d(y,er(z)) <.

Figure 2.3: Proof of Uniform Transitivity

Proof. See Figure [2.3] Recall that 7x is the length of the shortest periodic orbit with period > 1
intersecting K. Let n be given by the finite exact shadowing property with parameters K,  and
N = 4. Cover K with finitely many balls B; = B(z;,n/2) of radius n/2. Without loss of generality, we
may assume that the periodic orbit v used to define 7x intersects By and that B(za,0 +1/2) C K.

For all 4, j, there exists T; ; > 0 such that @7, ;(B;) N B; # () (this is the transitivity property from
Definition . Let 09 = 3max; j{T;;} + k.

Let z,y € K. In particular, there exists ¢, j such that x € B;, y € B;. Let S > 0. Fix n > 2 such
that Tj o+ To1 +n1x + 115 € [S — 7K, S+ 7k]. Use the finite exact shadowing (see Definition [2.6) to
concatenate an orbit from B; to By (given by the definition of T} ), and orbit from B to B; (given
by the definition of 75 1) ny and an orbit from B to B; (given by the definition of 77 ;). The initial
point of the concatenated orbit is the desired point z. O

12



The following lemma allows us to build a periodic orbit from a pseudo-orbit, see Figure

Lemma 2.15 (Multiple closing lemma). Let ¢ be a H-flow on M. Let K C M be a compact subset.
Foralld >0, v >0 and N € N*, there exist Tpyin > 0 and n > 0 such that for all x,...,zxy € K, and
Ti,....,Tn > 0 with Zi]\il T; > Twin and @1,(2) € B(xiz1,n) fori=1,...,N (where xn41 = 1), the
following property holds. There exists a periodic orbit v with period

N N
l(v) € Zﬂ—u,ZTH—y
i=1 i=1

such that for every 0 <i < N, and every s € [0,T;], we have

i—1

d0y(s+ YTy, (i) < 6.

Figure 2.4: Multiple closing Lemma for N = 2

Proof. This follows immediately from the finite exact shadowing property and the closing lemma
23 O

The following lemma allows us to build a periodic orbit from a finite number of orbits with
endpoints in a compact set, see Figure [2.5

Lemma 2.16 (Uniform multiple closing lemma). Let ¢ be a H-flow on M. Let K' C K C M be
two compact subsets with nonempty interior, let v > 0, 6 > 0 and N € N*. Then, there exist o > 0
and Tyin > 0 such that for every S > o, for all x1,...,ony € K, all T1,...,Tn > 0 that satisfy
Zi]\il T; > Tin, and such that for every 1 <i < N, pr(x;) € K, the following property holds. There
exists a periodic orbit v with period

N N
L) € ZE+NS—TK—I/,ZE+NS+TK+I/

i=1 i=1
that intersects K' and there exist T1,...,TN—-1, Ti € [S—Tk,S+TK] such that that for every0 <i < N,
and every s € [0,T;], we have
i—1
d(y(s + D _(Tj +13)), es(2)) < 6.
j=1
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Figure 2.5: Uniform multiple closing Lemma for N = 2

Proof. We will use the transitivity property to construct pieces of orbits from ¢, (x;) to zit1,
then the multiple closing lemma to obtain a periodic orbit. We will carefully choose the length
of the last orbit to ensure £(y) € |SN, T+ NS — 75 — v, N T, + NS + 75 + V} as opposed to

l(v) € [ N T;+NS—Nrg —v, N T, + NS+ N1g + 1/] if one ins not careful.

More precisely, assume ¢ is small enough so that there exist a ball B(z',2§) C K’ C K. Lemma
with parameters K, N, § and v gives us Ty, and 7. Let o be given by the uniform transitivity lemma
(Lemma [2.14) with parameters K, 6 and B(2',0). Let 0 = 09 + (N — 1)7k.

Let z1,...,z5 and T7,...Tx and S be as in the statement of the Lemma. By successive uses of
the uniform transitivity we can build pieces of orbits of respective lengths 7; € [S — 7k, S + Tk ]
from B(er,(x;),n) to B(zit1,n) for i = 1,... N — 1. The uniform transitivity with constant
So=NS—-SN,7>NS—(N—-1)S—(N—1)rx > 09, gives us a piece of orbit from B(pr, (zx),n)
to B(z1,n) intersecting B(z', §) and of length 7, € [NS =N | 71— 75¢, NS = "N, 71+ 7]. Therefore,
we have SN 7, € [NS — 75, NS + 7]. Lemma gives us a periodic orbit which satisfies all the
desired conditions. O

With the same arguments, we get the following variant of lemmas [2.15] and [2.16] We let the proof
to the reader.

Lemma 2.17 (Variation around the multiple closing lemma). Let ¢ be a H-flow on M. Let K' C
K C M be two compact subsets with nonempty interior, let v > 0, § > 0 and N € N*. Then,
there exist o > 0 and Ty > 0 and n > 0 such that for every S > o, for all x1,...,xny € K, all
Ti,...,Tn > 0 that satisfy Zfil T; > Twin , and such that for every 1 < i < N, o1, (x;) € B(xit1,n)
(with xn+1 = x1), the following property holds. There exists a periodic orbit v with period

N N
() € ZE+S—TK—V,ZE+S+TK+V
i=1 i=1

that intersects K' and such that for every 0 <i < N — 1, and every s € [0,T;], we have
i—1
d(y(s+ Y Tj), ps(@i) < 6.
j=1

3 Entropies

This section is devoted to the introduction of different notions of entropy, both associated to a dynamics
(p¢)¢ and to a e-invariant probability measure. Some subadditivity properties for periodic orbits are
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shown in the framework of H-flows, which imply some consequences for the Gurevich entropy. The
definitions of entropies at infinity are also presented.

Remark 3.1. All notions of entropies, denoted here h, concern a single transformation, and satisfy
the relation h(¢"™) = |n| h(p). Classically, the entropy of a flow ¢ = (¢¢)er is defined as the entropy
of its time-one map (. In this section, we write ¢ instead of ;.

3.1 Kolmogorov-Sinai entropy

Let u be a p-invariant measure and £ be a finite or countable u-measurable partition. The entropy of
the partition £ with respect to u is the quantity

HEp) = Y, —u(C)log(u(C)) > 0.
/w(%e)g>0

Given two measurable partitions &1, &2, we denote by &1 V & the refinement of the two partitions, that
is the partition whose elements are the sets A N B with positive measure, for A € & and B € &.
Given a finite or countable p-measurable partition &, for every n > 1, set &, := ?;01 w—i(&).

Definition 3.2. The Kolmogorov-Sinai entropy of ¢ with respect to p is

1
hks(p) = Stgp Jm -H (&ny 1),

where the supremum is taken over all finite or countable u-measurable partitions & with H (&, u) < oo.

Denote by M, (resp. M'fprg) the set of p-invariant (resp. ¢-invariant ergodic) probability measures.
The set M, is a convex set whose extremal points are exactly the ergodic invariant measures y € MZ®.
Moreover, the entropy map p € My, — hgs(pn) € RY is affine [Wal82, Theorem 8.1]. This justifies the
following theorem-definition.

Definition 3.3. The variational entropy of the flow ¢ is the supremum

hvar(¢) = sup hxs(p) = sup hgs(p) .
HEM,, peEMG®

A measure realizing this supremum, when it exists, is called a measure of maximal entropy of ¢.

3.2 Katok and Brin-Katok entropies
For x € M, e,T > 0, let B(z,e,T) be the associated dynamical ball, i.e.

B(z,e,T) ={y € M: vVt €[0,T], dp:(), p:(y)) < e}.

Definition 3.4. Let € My, a € (0,1) and T,e > 0. A finite set E is said to be (T, ¢, o, j1)-spanning

if
w(UgepB(z,e,T)) > a.

Fact 3.5. Let M be a manifold and p a probability measure on M. For allT >0, >0, a € (0,1)
there exists a finite (T, e, «, p)-spanning set.

Proof. As M is exhaustible by compact subsets, there exists a compact subset K C M such that
u(K) > «. Then Uyer B(x,e,T) is an open cover for K. Any finite subcover provides us with a finite
(T, e, c, u)-spanning set. O

The following fact is immediate from the definition.
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Fact 3.6. Let M(T,e,c, i) be the minimal cardinality of a (T, e, p)-spanning set. It is a non-
decreasing quantity in o > 0 and non-increasing in € > 0.

Definition 3.7 (Katok entropy [Kat80]). The Katok entropy of u is defined as

1 1
hkat(p) = inf sup lim sup Tlog M(T,e,c, 1) = lim lim limsup flog M(T,e,a, ).

a>0 ¢50 Tooo a—0 =0 7,00

Definition 3.8 (Brin-Katok local entropy [BK83]). Let K be a compact subset of M. The upper,
resp. lower, local entropy on K is defined as

_ 1 1
hioc(pt, K) = sup esssup limsup —— log u (B(z,T,¢)) = lim esssup limsup —= log u (B(z,T,¢)) ,
e>0 z2eK T—00 T e=0  gzeKk T—00 T
pr(z)eK or(z)EK

Tesp.

PR 1 . P 1
bloc(ﬂaK)_?i% essinf liminf —-logp(B(z,T,¢)) = lim essinf Liminf —-logu(B(z,T,¢)) -
or ()€K or(z)eK

The upper (resp. lower) Brin-Katok entropy of u is defined as

hpk(p) = sup  hie(p, K),
KCM compact
Tesp.
h = inf h K).
hpxk (1) Kc J‘/}{:lompac : Tuoe (1, K)

Remark 3.9. Poincaré recurrence theorem implies that p-almost every point in K returns to K

infinitely often and therefore
1
limsup —=logu (B(z,T,¢))
T—o00 T
or(z)eK

is well defined p-almost everywhere.

3.3 Gurevic entropy
3.3.1 Definition

A periodic point of ¢ is a couple (z,7T), with z € M and T > 0 such that pr(z) = x. A periodic
orbit v is a couple ({¢¢(z),t € R}, T), where (z,T) is a periodic point. The period 7" > 0 is denoted
by £(). Note that, with this definition, the orbits of (z,T) and (z,nT), for n > 2, are distinct. A
parametrized periodic orbit is a periodic map from R to M, still denoted by -, of the form

s € R y(s) = @s(pt,(x)), for a fixed real number ¢y € R.

By abuse of notation, we speak of a point z € « instead of a point in the image of the orbit associated
with 7. We denote by P the set of periodic orbits of the flow .

Let K C M be a compact set. Given any x € 7, denote by £(yN K) = [{t € [0,4(7)], ¢:(z) € K}|
the length of the intersection of the periodic orbit v with the set K. This quantity does not depend
on the point = used in its definition.

Given any 0 < Ty < T7, we define

Pr(To, Ty) = {y € P, L(7) € [To, 1],y N K # 0}.

Define also
Pr(To) ={y € P, £(y) < To,yN K # 0}.
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Theorem 3.10. Let ¢ be a H-flow on (M,d). Let K C M be a compact subset with nonempty interior
and o > 0. The quantity
1
hGu(p, K,0) = limsup 7 log #Pk (L, L+ o) (5)

L—oo
does depend neither on o > 0 nor on K. It is called the Gurevic entropy of the flow ¢ and denoted by
hGur(¢)-

Moreover, for every compact subset K C M with nonempty interior, and every o > 57x, with
Tk being the period of the shortest periodic orbit with period at least 1 that intersects K, the Gurevic
entropy is a true limit :

1
M) = lim T log #Px(L, L +0). (6)

“+oo

The first part of the Theorem is relatively elementary and classical, and follows from Facts [3.12
and The second part is more difficult and follows from subadditivity properties proved in
Section [3.3.31

Before the proof of the theorem, let us give an immediate corollary, that will be useful in Section[7.2]

Corollary 3.11. Under the assumptions of Theorem if haur () > 0, then

#Pi (45°)
lim =
L—oo #Pg (L, L+ o)

3.3.2 The Gurevic entropy does depend neither on K nor on o
We prove here the first part of Theorem [3.10
Fact 3.12. Under the assumptions of Theorem[3.10, the Gurevic entropy satisfies

1
hGu(p, K,0) = limsup — log #Px (L) .
L—+00 L

In particular, hgu (¢, K,0) = hau (@, K) does not depend on the constant o.
Proof. Fix some 0 > 0. As Px(L,L + 0) C Px(L + o), the inequality

1
hgur (@, K,0) < limsup — log #Px (L)
L—+00 L
is immediate.
The proof of hgur(p, K,0) > limsup;_, o 7 log #Px (L) is classical. Let § > 0 and denote as h
the entropy hgur (v, K, o). If h = +00, there is noting to prove. We now assume h < co. There exists

Tp > 0 such that for T' > Ty, #Pr (T, T + o) < eT(h+0)  Let Np = {%J — 1. We have

Nr
Pr(T) C Pr(To) U | Pr(To +no,To+ (n+1)o) .
n=0
Therefore
Nt
#Pg(T) < Pg(To) + > #Pr(Ty + no, Ty + (n+ 1)o)
n=0
Nt
< PK(TO) + Z e(To+na)(h+§)

n=0
< PK(TQ) + ZGT(}H&).
(o2

It follows that ]
lim sup 7 log #Px (T') < hau (0, K, C)+4.

T—o00

As the inequality holds for any § > 0, the result follows. O
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Fact 3.13. If ¢ is a H-flow, and K C M is a compact set with nonempty interior, then hgu (v, K) =
hgur(@). In particular, the Gurevic entropy hgu (@) does not depend on K.

Proof. If K C K’ are any two compact sets, we have hqu (@, K) < hgu (o, K').

K/

Figure 3.1: The Gurevic entropy does not depend on the compact

The reverse inequality can be obtained, as explained below, from the transitivity, finite exact
shadowing, and closing lemma properties as gathered in Lemma [2.15

Let ¢/ > 0. Choose € > 0 and zy € K such that the open ball By = B(zy,¢) is included in K. By
selecting a smaller ¢ if necessary, we may also assume that 2¢ is adapted to the separation of orbits
(Lemma for parameters v = 7 = 1. This lemma also gives us 9.

Let 0 < n < /2 and Ty be given by Lemma with parameters K, N = 3, § = /2 and
v = 1. Cover K’ with finitely many open balls B; = B(x;,n). Without loss of generality, assume that
xg € Bg. By transitivity , there exist pieces of orbits ¢; with length ¢; > 1 from B; to By and ¢
with length ¢; > 1 from By to B;. Set Ly = max{/;,(;}. We may assume that ¢; and ¢, are bounded
below by Tinin.

Given a periodic orbit y in Py (L, L+0’), we may assume, without loss of generality, that y(0) € K.
By Lemma, one can concatenate the pieces of orbits v (starting at (0)), ¢; and ¢ to get an £/2-
close periodic orbit 4’ that goes through B(zg,e) C K, and has length in [£(y) 4+ ¢; + ¢, — 1,0(y) + ¢; +
li+1) C[L,L+ 0o +2Ly+1].

This construction gives us a map from Pg/(L,L + ¢') to Px(L,L + o), for 0 = o' + 2Ly + 1
depending on K and K’. Let us control the cardinal of its preimages. Let 79 and ~; be periodic orbits
in Pr/(L,L + C") of period £(g) and £(1), lying in the preimage of v € Pg(L,L + o). One may
choose the orgins of vy, 71 and - such that there exist ¢; satisfying the following

o forall 0 <t < {(yp), we have d(yo(t),v(t)) <e/2
o forall 0 <t <£(y1), we have d(y1(t),y(t +t1)) < e/2.

Therefore, for all 0 < ¢ < min(¢(79),£(71)), by the previous inequalities and by (2),

d(y0(t), 11.(t)) < e+ blta].

Thus if [t1] < &/b and [£(y1) — €(70)| < 7o, Lemma [2.13] proves that 7o = y1. As [t1] < L + o and
10(v1) — £(v0)] < o', we get the inequality

(L+0)b

#P(L, L+ 0') < [ d

[ [2] #Putz.z+o.

70

The equality hgur (¢, K) = hgur(p, K') follows immediately. This proves hgu:(p, K) does not depend
on K. ]
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3.3.3 First subadditivity properties

We now prove a subadditivity property, that is a comparison between counts of orbits of periods L1,
Lo and Ly + Lo. This will be a key ingredient to prove the last part of Theorem [3.10| which says that
the Gurevic entropy is a true limit.

Recall that 7x is the period of the shortest periodic orbit with period > 1 that intersects the
interior of K.

Proposition 3.14. Let ¢ be a H-flow on M. Let K C M be a compact subset with nonempty interior.
Let 0y > 471x. There exist constants D and o such that for all L1, Lo > 1,

#Pr(Ly, Ly + 00) #Px (Lo, Lo + 00) < D (L1 + Lo) #Pr(Ly + Lo+ 0,L1 + Lo+ 0 +0p). (7)

Figure 3.2: First subadditivity property

Proof. See Figure [3.2] Fix the compact set K. We will build a map
f: PK(Ll, L1+ Uo) X PK(LQ, Lo+ (70) — 'PK(Ll +Lo+o, L1+ Lo+0+ (To) ,

whose preimages, for Li, Lo large enough and a suitable choice of the constant ¢, have a cardinality
bounded by D x (L; + Lg), for a suitable constant D > 0. Inequality |7| will follow immediately.

Step 1. Construction of f.

Lemma [2.13] associates with v = 1 some 79 > 0, and for 71 = 27 + 27 some € > 0. Lemma [2.16]
applied to the compact set K associates to v = 1, § = § and N = 2 some numbers Ty, > 0 and
o > 0.

Consider Ly, Ly > Tiin, and a pair of periodic orbits y1 € Px (L1, L1+0¢) and v2 € Pk (Le, La+0y),
with respective lengths ¢(1) and £(72). The periodic orbit f(1,72) is defined as follows. As v, and 7
intersect K, we can reparametrize them so that their origins v1(0),~2(0) belong to K. Apply Lemma

With T = 71(0),.%‘2 = ”yQ(O), T = £<71>,T2 = g("}/g) and

Ly + Lo+ 200 — £(71) — £(72)
2

S =8(1,7) = +o 471 >0
We get a periodic orbit v = f(v1,72) that intersects K, with length
() € [6(y1) + U(y2) +2S — 7 — 1,8(71) + €(y2) + 28 + 7 + 1) C [L1 + Lo + 0, L1 + Lo + 0 + 0¢] ,

where 0 = 20¢ + 20’ + 7 — 1. Moreover, there exists 7 € [S — 7k, S + 7k] such that

o for every s € [0,4(v1)], we have d(v1(s),7(s)) < Z;
o for every s € [0,4(2)], we have d(v2(s),y({1 + 7+ s)) < Z
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The periodic orbit f(vy1,72) = 7 belongs therefore to Px (L1 + Ly + 0, L1 + Ly + 0 + 0p). Moreover,
our construction provides an origin of the orbit -, i.e. a marked point on its image.

Step 2. Bound on the cardinality of each preimage.

Assume that v1,91 € Pg(L1, L1 + 00) and 72,72 € Pk (Le, La + 0¢) are such that f(y1,72) =
f(31,%2) = . The constructions of f(vy1,72) and f(71,72) lead to the same orbit v by assumption,
but with maybe different origins. Without loss of generality, we can shift the parametrization of v so
that the origin given by the construction of v = f(v1,72) starting from v; and 2 is v(0). Let v(sp)
be the origin of 4 given by the construction of v = f(51,72) starting from 7; and 7s.

Step 2.a Bound on the cardinality of each preimage, when the lengths are prescribed.

We prove the following statement. If the orbits satisfy f(v1,7v2) = f(71,72) and
€
1’

where b is the constant of property in definition then the orbits coincide: (y1,72) = (51,72)-
By the definition of the function f, the following holds:

[s0| < () =€) <70, [€(y2) —€(2)] <70, (8)

o for every s € [0, ¢1], we have d(v(s),71(s)) < Z;

o for every s € [0, /1], we have d(y(so + ), 71(s)) <

=] ™

Thus, for every s € [0, min(¢(v1), 4(71)] we obtain

d(71(s),71(5)) < d(71(8),7(s)) +d(v(s), (50 + 5)) + d(v(s0 + 5),71(8)) < Z + |so|b+ Z <e.

By Lemma we deduce that v; = 7;.

Again by the construction of f, there exist 7 € [S(y1,72) — Tk, S(71,72) + k] and T € [S(71, 72) —
T, S(71,72) + T | such that

o for every s € [0,4(y2)], we have d(v(¢(y1) + 7+ 5),72(s)) < Z;

o for every s € [0,4(72)], we have d(v(so + £(71) + T + s),72(s)) < i

Let s =4(71) — €(m1) + 7 — 7. Up to swapping 1 and 71, we may assume § > 0. Moreover, we have
|s| <209+ 27x. Then, for every s € [0, min(¢(y2) — §,£(52))], we have

d(72(5 +5),72(s)) <d(v2(5+ 8),7(l(11) + T+ 5+ 5)) +d(v(l(m1) + T+ 5+ 8),v(s0 + £(71) + T + 5))
+d(v(so + £(71) + T + 5),92(s))
<Z+yso\b+i <e.

By Lemma since |s| < 20¢ 4 27 = 71, we conclude that also vo = Fs.

Step 2.b. Conclusion.

So far, we have shown that, as soon as (7y1,72) and (71, 72) satisfy , if they have the same image
under f, then they are the same periodic orbits. Since

|so] < L1+ Lo+ 0+ o0, (1) —€(7)] < oo, [6(y2) — £(72)] < 00,

we deduce that the cardinality of any preimage through f of a periodic orbit in P (Lj + Lo+ o, L1 +
Ly + 0 + 0p)) is bounded by
o012 [4b
[—‘ ’7(L1 + Lo+ o0+ 0'0)“ .
T0 g
Choose the constant D so that
(1) 4b

LOT L+ Lot ot on)] < D+ L),

The desired bound [7] follows immediately. O
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We will use the subadditivity property shown in Proposition to deduce that the exponential
growth rate of the cardinality of the set of periodic orbits intersecting K has a limit. We need the
following result, see [dBE52, Theorem 23].

Theorem 3.15 (de Bruijn—Erdés). Let t > 0 +— (t) be a positive and increasing map. Assume that
e % dt < 0o. Let (up)nen be a sequence such that

Unym < Up + Uy +1P(n +m) forgngQn.

Then limy, o0 = = L for some L € RU {—o0}.
We can now conclude the proof of Theorem by showing that @ holds.

Proof of (@ in Theorem @ Fix a compact set K with nonempty interior. Let 6 be the constant o
given by Proposition @l for oy = 41 (with respect to the notation of Proposition |3.14)).

Step 1. The sequence % log #Px(n — &,n — & + 47k ) converges to hgur(p).

Step 1.a The sequence %log #Pr(n —6,n— 6 + 47k ) has a limit.

Define a sequence (u,)pen as

up, = —log #Pr(n—6,n— 6+ 47g)
for n € N;n > 1. By Proposition for n, m large enough, the sequence (uy,)nen satisfies
Uptm < log(D(n+m —26)) + up + Um <log(D(n+m) + 1) 4+ up + U, .

Observe that the function ¢ : ¢ > 0 + log(Dt + 1) is positive and increasing for ¢ > 0 and satisfies
e log(]t)%l) dt < oo. Therefore, by Theorem the sequence (2 ),en converges and limy, oo =5 <
hGur(¢)-

Step 1.b. The limit is Agu(¥)-

We now prove limy, oo =2 = hqu(¢). It is enough to prove lim, oo =2 > hqur(¢). Let (Ln)nen
be such that

. log #Px (Lna L, + 3TK)
lim

n——+o0o L,

= hGur(p) -
Let (Ny)nen be the sequence of integers such that

Then (as 7 > 1)
PK(Ln,Ln + 37‘[() C PK(Nn —6,N,— o+ 4TK) .

Therefore

hew(@) = lim log #Px (Ly, Ly, + 37K) < lim log #Px (N — 6, Ny — 6 +47) i YN
Gurlp) = i Ln — n300 Nn — & o n—+o00 Nn '

Thus limy, 00 =22 = hgur(9).
Step 2. The sequence L%L log #Pr (Ln, Ly + 57k ) converges to hgu:(¢).
log #Pr (Ly, L, + 5TK))
neN

Let (L), be a sequence such that L, — co. We now prove that ( 7

n
can only have hgy(¢) as subsequential limit and therefore converges to hgur(¢). Recall that 6 > 0
is the constant given by Proposition for o9 = 47x. Let (N, )nen be the sequence of integers such
that
L,<N,—6<L,+1.

log#PK(Nn —6,N,— o+ 47‘}()
Ny

From the previous step, we know that ( ) converges t0 hgur(p).
neN

Moreover, as 7 > 1,
PK(Nn —6,N,— 5+ 47'}() C PK(Ln, L, + 5TK)
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and we obtain

| Np,—6,N,—6+4 . | Ly, L,+5
heu () = lim og #Pxk( & G+ 47K) < lim sup og #Pxk( + 57k)

< hGur(SO) .

1 L,,L,+5
Thus the sequence ( 08 # P (Ln; Ln + TK)) converges to hgur(¢) and
Ln neN
. IOg#PK(L7L+5TK) _
L1—1>r—|r—loo I = hGur(@) :

Step 3. General case.
Let o0 > b7g. As

log #Pk (L, L + 57k) < log #Pk (L, L+ o)

L - L
and
lim sup log #Pr (L, L+ ) = hgur(®),
L—oo L
we obtain
lim log #,PK(L7 L+ U) = hGur(Qp) .

L—+o0 L

3.4 Entropies at infinity

Definition [.11] of Strong positive recurrence involves a notion of entropy at infinity. We introduce here
different notions of entropy at infinity and compare them in section 4l The rough idea is to measure
the exponential growth rate of the dynamics outside a large compact set K and then let K grow to
exhaust M.

More precisely, for defining Gurevic entropy at infinity, we consider periodic orbits that intersect
K but spend only a small proportion of time in K. For the variational entropy at infinity, we shall
consider the supremum of measured entropies of probability measures that give a small measure to a
large compact set K .

3.4.1 GGurevic entropy at infinity

Definition 3.16. Let K C M be a compact subset with nonempty interior. Let o > 0, L > 0 and
o > 0. Define
Pr(L,L+o0)={y€Pg(L,L+0o): L(yNK)<al(y)},

and
hK,CM S 1 «
Gur(p) = limsup 7 log #P% (L, L+ o).

L—oo

The Gurevic entropy at infinity of the flow ¢ is defined by

h%Our(SD) = l?(f ilir%) hGu?((p) )

where the infimum is taken over all compact subsets K C M with nonempty interior.

Fact 3.17. Under the hypotheses of the definition, limsupy_, . % log #P%(L, L + o) does not depend
on o and therefore hé(l’f;(cp) is well-defined.

Proof. By definition, if 0 < ¢’ then
1 1
limsup — log #P%(L, L + o) < limsup — log #P5% (L, L + o).
Loo L L—oo L

We now prove
1 1
lim sup 7 log #P% (L, L + 20) < limsup I log #Pg (L, L + o).

L—oo L—oo
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This is enough to conclude the proof of the fact. We have

Pi(L, L +20) C Px(L,L+0)UPk(L+o0,L+20)

therefore
#Pr(L,L+20) <2max (#Px(L, L+ 0),#Pr(L+0,L+20)).
As
lim sup — log #Pr(L,L+ o) =limsup — 7 log (max (#Px(L,L+ o), #Pr(L +0,L+ 20)))
L—o0 L—oo
we have 1 ]
lim sup — log #Px (L, L + 20) < limsup — log #Px (L, L + o)

L—oo L L—00 L

as required. O

Fact 3.18. Let K be a compact subset with nonempty interior. The map a > 0 — hgﬁ(go) 8 mon-
decreasing. Moreover, let K' be a compact subset such that K C K'. We then have
K’ K2
hGura(SO) hGura(SO) .

Proof. The first assertion is a direct consequence of the definition.

For the second assertion, we follow the arguments of the proof of Fact B.13] Let o > 0. We
import the notation from the proof of Fact Let us assume additionally that e < d(0K,0K'). We
associate to any periodic orbit of P%,(L,L + o) a periodic orbit of Px(L,L + ¢’), for some o’ > o,

which spends a time at most oL + ¢’ in K. For L large enough, oL + ¢’ < 2aL and we obtain a map
from P24 (L, L + o') to P& (L, L + o). The bound

[} Tt Latatan)] .

70

on the number of preimages given in proof of Fact remain valid. Therefore, there exists some
D > 0 such that, for L > 1

#Pe (L, L+ 0) < L#P¥(L,L+0).

Since hg{ﬁ‘(go) does not depend on the constant o, the result follows. O

3.4.2 Variational entropy at infinity

As in [GST23], we introduce the variational entropy at infinity.

Definition 3.19. The variational entropy at infinity of the flow ¢ is

D€ Mg, p(K) <e}

= liminfsup{his(p) : p € MZ® u(K) < e},
= liminfsup{hka(p) : p & MZ® u(K) < e},

hiax(p) = lim infsup{fcs(p

)
) :

where the infimum is taken over all compact subsets K C M.

The equality between the two first quantities on the right follows from the fact that the entropy
map p € My — hgs(p) is convex and ergodic measures are the extremal points of M. The last
equality follows from Theorem [4.2]

Remark 3.20. Observe that, in Definition the quantity sup{hgat(p) : p € M8 u(K) < e}
(as well as the others appearing in the equalities) is non-decreasing in ¢ and non-increasing in K.
Therefore, it is possible to invert the order of lim._,¢ and infg, i.e.,

o : erg < — ; : erg < .
lim infsup{hkac(p) = @ € M, u(K) < e} = inf lim sup{hiar(p) = p € M® p(K) < e}
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4 Comparison of entropies

4.1 Comparison of measure-theoretic entropies

Our main theorem (Theorem establishes the existence of a measure that maximizes all notions
of measured entropy. This measure will be obtained as a limit of averages of periodic measures. As a
consequence, on the one hand, it is a priori not known to be ergodic, and on the other hand, its Katok
and Brin-Katok entropies are the only ones that are computable. Therefore, we will need general
statements to be able to compare all kinds of entropies.

Proposition 4.1 (Riquelme [Riq18]). Let ¢ be a Lipschitz flow on a manifold M and p € M, an
invariant probability measure. If K C M is a compact subset, then, for e > 0 small enough,

1
limsup —— log pu(B(z,e,n))du < hgs(p) -
K n—-+oo n
" (z)EK

This proposition is proven in [Riql8] (see also |[GST23, Appendix A]) when u is ergodic, and the
non ergodic case, very similar, is only briefly mentioned. As it is crucial for us, we give a proof of this
statement.

Proof. In [Riql8, Theorem 2.10], Riquelme uses a proposition due to Ledrappier, see [Led13, Proposi-
tion 6.3], to build a partition P such that (without ergodicity), for p-almost every x, for every n such
that ¢"(z) € K, we have P"(z) C B(x,n,¢), where for a partition P we denote by P(z) the element
of the partition containing x, and where P™ is the measurable partition consisting of all possible
intersections of elements of o ~*P, for i = 0,...,n — 1. It follows that

1 1
limsup ——log (u(B(z,e,n)) du < [ limsup ——log u (P"(x)) dp.
K n?—;—o?( n M mn—oo n
" (x)e

The non-ergodic version of Shannon-McMillan-Breiman theorem ensures that —% log pu (P™(x)) con-
verges almost surely, so that the right hand side is in fact a true (almost sure) limit. This theorem is
stated without proof in [Mn87, Theorem 1.2, Chapter IV]. It is stated and proven in [Kre85, Theorem
2.5] in a more general framework, and the proof of [Pet83, Theorem 2.3, p. 261] in the ergodic case
adapts almost verbatim to the non-ergodic case.

By Fatou’s Lemma, we get

/ lim —llog,u(P"(x)) du < liminf/ —llogu(P”(x)) dp .
M n n—oo M n

n—o0

By definition of the entropy of a partition, we have
1 n 1 n
[ =g (P (@) du =~ HP" ).
M T n

and this quantity converges to h(u, P) < hgs(p). O

Theorem 4.2 ( Brin-Katok [BKS83|, Katok [Kat80], Riquelme [Riq18]). Let ¢ be a Lipschitz flow on
a complete Riemannian manifold M. Let p € MZ®. Then

hkat (1) = hpk (1) = EBK(M) = hks(u) -

Proof. The inequality hxs(p) < hkat(p) is stated in [Kat80] in the compact case, but the proof does
not use compactness. The inequality hxs(u) < hpk(u) is stated in [BK83| in the compact case but
the proof does not use compactness either.

Riquelme [Riq18| Theorems 2.8, 2.9, 2.10, 2.13] establishes the other (in)equalities. ]

The following intermediate result, of independent interest, is proven in section
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Theorem 4.3. Let ¢ be a H-flow on a manifold M. For every invariant probability measure p € M,
one has

hiat(1t) < hau(p) -

Our construction of a measure of maximal entropy in this paper will produce a measure that is a
priori not necessarily ergodic, so that it is worth noting the following corollary. Recall that we use
the notation M, for the set of y-invariant probability measures, and MZ® for the set of p-invariant,
ergodic, probability measures.

Corollary 4.4. Let ¢ be a H-flow on a manifold M. We have

hvar(p) = sup hxs(pu) = sup hks(u) = sup hxa(p) = sup hgg(p)
HEM, pEMSE peEMSE peEME
< sup hkat(p)
HEM,,
§ hGur(‘P)‘

4.2 Katok entropy is smaller than Gurevic entropy - Proof of Theorem

In this subsection, we are going to prove Theorem The rough idea goes as follows. Given a
p-invariant probability measure p and compact set K, we can assume that each point of a spanning
set for pu (whose cardinality is used to calculate its Katok entropy) lies in K and comes back to K
after a time 7. Thanks to the transitivity property and the finite exact shadowing property, we can
close up the piece of orbit of each point of the spanning set to obtain a periodic orbit intersecting
K. By controlling the default of injectivity of such a procedure, we will conclude that the Gurevich
entropy is larger than the Katok entropy of u. We start now with the details of the proof.

Firstly, we introduce the notion of separating spanning sets and prove that they can be equivalently
used to define the Katok entropy of a measure.

Definition 4.5. Let T > 0 and € > 0. A set E C X is (e,T)-separating if for all x,y € E,x # vy
there exists t € [0,T] such that

d(pi(), pi(y)) > €.
Let € M.

Definition 4.6. Let T > 0, e > 0 and o € (0,1). A set E is a separating (T, e, a, p)-spanning set if
it is a (T,¢e,a, p)-spanning set (see Deﬁm’tz’on and it is (5, T)-separating.

Recall that M (T, e, a, u) denotes the minimal cardinality of a (T, ¢, «, p)-spanning set. Similarly,
denote by M'(T,e,c, ) the minimal cardinality of a separating (T, ¢, «, p)-spanning set. We then
have M(T,e,a,u) < M'(T,e,, 1), since any separating (T, ¢, o, u)-spanning set is also a (T, &, a, p)-
spanning set.

Lemma 4.7. Let T >0, e > 0 and o € (0,1). Then M'(T,2e,a,pu) < M(T,e,, ).

Proof. Let E be a (T, ¢, a, pu)-spanning set of minimal cardinality M = M (T, e, a, ). Enumerate the
elements of E as {x1,...,xp}. We select a subset E’ of E as follows.

1. The point x1 € E'.

2. Consider the dynamical ball centered at x1 of radius 2. For ¢ > 1, we erase the point x;, i.e.,
x; ¢ E', if and only if the dynamical ball B(x;,e,T) C B(x1,2¢,T).

3. We consider the next point x; among the remaining ones. We have not erased it at the previous
step; we then keep it and say that it belongs to E’.

4. We iterate now the erasing procedure, starting with z;. Consider the dynamical ball B(x;,2¢,T).
For i > j, we erase the point z;, i.e., x; ¢ E, if and only if B(xz;,e,T) C B(xj,2¢,T).
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We have then #E' < #E = M(T,e,a,un). We are now going to show that E’ is a separating
(T, 2e, v, p)-spanning set. This will imply then M'(T,2e,a,u) < #E’, concluding our proof. For
every x €

1. either x € E'. In this case observe that B(z,e,T) C B(x,2¢,T);

2. or x ¢ E'. In this case, it means that there exists another & € E’ such that B(z,e,T) C
B(z,2¢,T).

Thus

U B(z,e,T)c |J B(x,2¢,7),
z€E x€L!

1 ( U B(:c,25,T)) 2,u<U B(m,s,T)) >«
xelE’ zeE

where the last inequality comes from the fact that E is a (T, ¢, v, u)-spanning set. So, the set E’ is a
(T, 2e, o, p)-spanning set.

Moreover, let z;, x; € E' with ¢ > j. There exists ¢ € [0, T] such that d(yp¢(z;), p(z;)) > €. Indeed,
if not, it would imply that

and so

B(:Ui, €,T) C B(l‘j, QE,T) ,

which is in contradiction with the construction of E’. That is, E’ is also (e,T)-separating, which
concludes the proof. ]

We then deduce the following corollary.
Corollary 4.8. Let up € My. Then

hxats(p) = inf sup lim sup — T log (M'(T,e,a, ) .

a>0 >0 T 400

Notice that ¢ — M(T,e,a, ) and a — M(T,e,c, 1) are non increasing. Yet, while a —
M'(T, e, a, p) is also non-decreasing, we have a prioi no control on € — M'(T, e, «, ).

We now prove a lemma analogous to Lemma [4.7] with the extra condition that the points in
the separating-spanning set should belong to a fixed compact set K. This is the first step to prove
Theorem H.3]

Lemma 4.9. Let E be a (T,¢e,a, p)-spanning set and let K C M be a subset such that p(K) = (.
Then there exists a separating (T,2e, a0+ 3 — (M), p)-spanning set E' C K such that #E' < #E.

Proof. We construct the set E’ inductively as follows. Let us enumerate E as {x1,...,2n}.

1. If B(z1,6,T) N K # 0, then we choose y; € B(z1,6,T7) N K and set E] = {y1}. Otherwise
E; = 0.

2. For ¢ > 2, if
B(xie, T)YNKN(M\ |J B(y,eT))#0,

y;eb!_

then we choose y; € B(z,e,T)NK N (M \ Uy,em_, B(yj,e,T)) and add y; to E}_; to obtain
E!. Otherwise let E} = E!_;.

Let E' = E)y. Observe that #E’ < #F and that E' C K. Moreover, we have

U B(z,e,T)NK C U B(y,2e,T). 9)
zeE yeEr’

Indeed, if y; € E’, then in particular y; € B(x;,e,T) N K and so

B(z;,e, TYNK C B(z,e,T) C B(y;,2¢,T).
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If z; is such that there is no corresponding y; € E’, then B(x;, e, T)ﬁKﬁ(M\ijeE<_1 B(yj,e,T)) = 0.
If B(w;,e,T) N K = (), then the empty set is clearly contained in U,cp B(y,2¢,T). If not, the only
possibility is that B(x;,e,T) N K C ij€E4_1 B(yj,e,T); then

B(zi,e,T)NK C U B(y,e,T) C U B(y,2¢e,T).
yeE'’ yeE’

We now argue that E' is a (T, 2e, a0+  — p(M), p)-separating set. Indeed, from @,

o ( U B(y,25,T)) 2,u<U B(x,e,T)ﬁK)

yeL’ zeE

>4 ( U Bl.e, T>) + () - p(M)

zel
Z(X+B—H(M),

where the last inequality comes from F being a (T ¢, o, u)-spanning set. Moreover the set £’ C K is
also separating. Indeed, let i,y € E’, y # v/. In particular, by the construction of E’, it means that
y' ¢ B(y,e,T) (or viceversa): there exists 7 € [0, T] such that d(p,(y), - (y')) > e. O

Proof of Theorem[4.3 Let u € M,. We are now going to prove that the Katok entropy of 1 is smaller
or equal to the Gurevic entropy. Let ¢ > 0 and «; € (0,1). Pick o/ € (0,1) such that o; + o' € (0,1).
Let ag = a1 + .

Let K C M be a compact subset with nonempty interior such that u(K) > 1 —a’/2 (such a K
exists as M is exhaustible by compact sets). Let us apply Lemma at K, 6 = 5, v = 7 and
N = 1. The lemma gives us constants o > 0, Ty, > 0. Let T > Tipin and K' = KNg_p(K). Observe
that u(K') > 1 — o' as p is p-invariant. Let E be a (T, e, ap, 1) spanning set. By Lemma there
exists a separating (T, 2e, a1, 1) spanning set E’ such that #E' < #F and E' C K'.

We can associate to every x € E’ a periodic point y, thanks to Lemma Indeed, since
x € E' C K', it holds that both = and ¢p(z) belongs to K, and by construction 7" > Tyn;,. Thus,
there exists y € M and L € [T+ 0 — 27k, T 4 0 + 27x] so that ¢r(y) = y and d(¢:(y), pe(x)) < § for
every t € [0,T].

We can give an upper bound on the number of points in E’ that could be associated to the same
periodic point. Fix z,2’ € E’ with x # 2/. Let v and 7/ be the associated periodic orbits. Assume
v =~'. Then, there exists u such that, for all s € [0,T],

9

dlps(@).A() <5 and  d(ps(@), (s +w) < 5.

Moreover, since E’ is (¢, T) separating, then there exists 7 € [0, 7] such that
d(pr(2), pr(2") 2 €.
Therefore,

d(pr(y), or(¥) = d(y (1), y(T +u)) >

From the right inequality of (2), we deduce that |u| > /3b. Consequently, there are at most

Wl m

[(T + o0+ 27‘[{)%—‘ points of E’ that could correspond to points on the same periodic orbit. This
implies that
3b
#E' < {g(T +o+ 27’]{)—‘ #Pr(T + 0 — 21, T+ 0+ 27K) .
By the definition of Katok entropy for i, by Proposition [3.12] and by Corollary [4.8| we deduce that
1
limsup — log (M'(T',2¢, a1, p)) < hGur(p)
T——+o00 T

and therefore
hKat(U) S hGur((p) .
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4.3 Comparison of entropies at infinity

With similar ideas, we can also compare Gurevic and variational entropies at infinity.

Theorem 4.10 (Comparison of entropies at infinity). Let ¢ be a H-flow on (M,d). The entropies at
infinity satisfy
h?fgr( ) < hGur( )

Proof. If h,,.(¢) = +oo there is nothing to prove. We now assume hg, (¢) < oo.
Assume h3 (p) < co. Fix some small a > 0. Thanks to Remark we choose a large compact

var

set Ko, asmall 0 < n < %, and an ergodic probability measure p € Mg® with p(Ko) <7 so that

W& () = hES(0)| <@ and B3 () = hicar(i)] < .

We follow very closely the proof of Theorem with a few modifications.

Let ¢ > 0 and ay € (0,1). Pick o such that ap = a1 + &' € (0,1). Fix w € int(Kp). Choose
d < 5 small enough so that p(B(Ko,d)) < 21 and B(w,d) C Ko. Fix Ko a compact set such that
K> D B(Ko,0) and pu(K2) > 1 — 2. Let Q = B(Kj,9).

By Birkhoff ergodic theorem, for p-almost every x € M,

lim —/ la(ee(x)) dt = u(92),

T—oo T

where 1g is the indicator function of Q. As u(Q2) < 21 and pu(Ksz) > 1 — %/’ there exists a subset
A C Ky with p(A) > 1 — % and Swin > 0, such that for all 2 € A and all T > Spn,

7 | tatee <3 (10

Note that, elements of the closure of A, denoted as A, also satisfies condition . Indeed, let (z,)n
be a sequence of elements of A converging to x. Then, for all T' > Sy, as € is an open set and by
Fatou’s lemma

1 /T 1 /T
—/ la(pe(x)) dt < —/ liminf 1o (¢ (xy)) dt < hrn mf —/ la(e(zy)) dt < 3n.

We will use Lemma with parameters B(w,d) C Ks, 6 as above, v = 7, and N = 1. This
lemma gives us constants T, and o. Let T > max(Tinin, Smin). Set K1 = AN @_7(A), and observe
that u(Kp) >1—a/.

Let E be a separating (T, ¢, ag, 1)-spanning set. Without loss of generality, we can assume that
for every x € E, u(B(z,e,T)) > 0.

By Lemma there exists a separating (T, 2¢, a1, 1) spanning set E’ such that #F’ < #FE and
E’ C K;. Without loss of generality, we can assume that for every z € E', pu(B(z,2¢,T)) > 0.

Observe that, since E' C A, every point = € E’ satisfies inequality (L0)). Fix now a point z € E'.
Note that x € K3 and pp(x) € Ko.

By Lemma [2.16] we obtain a periodic orbit + such that

o for all t € [0,T], we have d(p(x),~(t)) < 9;
o U(y) €T+ 0 —27K,, T+ 0+ 27K,];
o 7 intersects B(w,J).

Therefore, since by the piece of orbit ¢ 1 (z) spends at most a total amount of time of 3nT in
B(K,d) =, we have

(YN Ky) = g(’Y[O,T] N Kp) + E(’Y[T,E('y)] NKy) <3nT + o + 27g,.

Thus £(y N Ko) < 4nl(y) for T' > 1 and therefore v € P;}Z(T +o0—271x,, T+ 0 + 27g,).
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The end of the proof is the same as the one of Theorem Since E' is (e, T)-separating, we
deduce that

3b
#E/ < ’7€(T+ o+ 27’1(2)—‘ #P?{Z(T +0 =27, T+ 0+ 27’[{2) .
By the definition of Katok entropy for u, by Proposition and by Corollary [4.8| we deduce that

1
lim sup — log M’ (T, 2¢, ay, ) < his2 ()
T—+o00 T

and therefore
hat (1) < hgﬁfn(@) ;

and at the end
har () < h&u(p) + 20
As o was arbitrary, the result follows.
If b3 (¢) = +o00, we choose u ergodic such that hkat (1) > N and proceed as in the previous case.

We obtain N < hgﬁf”(ga) for arbitrarily big N and therefore h, (¢) = oco. O

4.4 Strong positive recurrence

In [ST21l IGST23], for geodesic flows in negative curvature, the geodesic flow is said strongly positively
recurrent if its entropy at infinity is strictly smaller than its topological entropy. In this context, all
notions of entropy (resp. entropy at infinity) coincide, as proven in [GST23]. Here, it is not the case.
That motivates the following terminology.

Definition 4.11. The flow (¢¢)ier is hgur-strongly positively recurrent if A, (¢) < hgur(p). It is

[&.9]

hyar-strongly positively recurrent if h3, (¢) < hyar(p).

Remark 4.12. Theorems and show that if ¢ is a hgu-strongly positively recurrent H-flow,
then it is also hyqr-strongly positively recurrent.

4.5 Gurevic entropies
The end of this section is devoted to the proof of the following proposition.
Proposition 4.13. Let ¢ be a H-flow. Then hE, (¢) < oo if and only if hau(p) < 0o.

We will start with two preliminary results.

The following lemma is a rephrasing of the finiteness of entropy on compact sets. It will be useful
to control the entropy using the entropy at infinity in the proof of the proposition and also in the
proof of Theorem [5.26

Lemma 4.14. Let Ky C K1 be two compact subsets of M. Let ¢ be an expansive flow on M. Let
C > 0. Then )
limsupflog#{'y € P, (I T +C),yC Ki} <o0.

T—o00

Proof. Consider the closure of the set of all periodic orbits of ¢ that are contained in the compact set
K. Denote such a closed set by X. Then, endowing it with the distance inherited from that of the
whole M, the set X is a metric space. The flow ¢ restricted to X is still expansive. Since we can find
a bigger compact set that contains it, the set X is also compact. Applying then [BW72, Theorem 5],
the result follows immediately. O

The following proposition is an adaptation of Proposition [3.14]
Proposition 4.15. Let ¢: M — M be a H-flow. Let Ko, K1 be two compact subsets of M with

nonempty interior and such that Ko C Kj. Let 0 < o« < 1 and o9 > 47xk,. There exist constants
D >0 and o > 0 such that for all L1, Lo > 1 with %LQ > L4, one has

#PKO(Ll,Ll + O’o) #P;{S(LQ,LQ + O’o) <D (Ll + LQ) #P%O(Iq +Lo+o, L1+ Lo+0+ 0'0) .
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K,

Figure 4.1: Modified subadditivity property

Proof of Proposition[{.15 The proof is a direct adaptation of the proof of Proposition See
Figure [£.] We import the notation from this proof. Choose € > 0 as in the proof of Proposition [3.14]
Without loss of generality, we can assume that £/4 < d(0Ky,0K1). The only new property to check

is that if v € Pg,(L1, L1 + 00), 72 € P%S(Lg,Lg + 00) and §Ly > Ly then v = f(71,72) satisfies
(yNKp) < al(y). The very same construction in the proof of Proposition gives us the constants
D > 0 and o > 0. Recall that v consists in four pieces

 a piece £/4-close to 71 on an interval of length ¢(~;);
 a piece ¢/4-close to 72 on an interval of length /(72);
e two transition pieces of total length < o + oy.
Therefore
U(yNKo) < LUm)+L(y2NKy)+ o+ o0g
< e(m) + 2(12) + 7 + o0

3

[0
§L1+Uo+§(L2+Uo)+O’+O’0

2
< ?QLQ + o0 + 309
< als
< al(y)
for Ly > 1. Thus v € P%O(Ll + Ly +0,L1 4+ Lo 4+ 0 + 0p). The rest of the proof is unchanged. O

Proof of Proposition[{.13 If hgur(¢) < oo then A, (¢) < co.
We now assume h, () < oo. There exists Ky compact and «g > 0 such that for all & < ag

hEoe (o) < B, () + 1.

Therefore, for L > 1,
#,P;é% (Lv L+ 0'0) < e(h%our(SO)JrQ)L‘

[e)
Let K7 be a compact subset of M such that Ko € K;. We now use Proposition 4.15| with
parameters Ko, K1, ag and o¢ = 57k,. For all Ly, Ly > 1 with Ly > Ly

#PKO(Ll,Ll + 0'0) #77;2/3(1/2,112 + O'()) <D (Ll + Lg) #'P%%(Ll +Lo+o,L1+ Lo+ 0+ O'Q) .
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Let us first assume there exist an increasing sequence (L5 ),en such that lim,,_,., LY = oo and, for
all n > 0,

#PR (L3, Ly +00) = 1.
Let LT = %2 LY. Then, for all n > 1
3 3 3
#'PKO(L?,L? +O’0) <D (1 + ()é[)) L?#’Pﬁ% ((1 + CY()) !+ o, <1 + CY()) ?—FJ-FJ())
3 he® 2)( (1+2 )L 4o
<D <1 + Oéo> L?e( Gur )+ )(( +‘10) i )

As the Gurevic entropy is a true limit, not only a superior limit when ¢ is a H-flow (see Theorem ,
we then have

hou(e) < (W) +2) (1+ jo) < .

We now assume s
#Pe*(La, Ly + a9) = 0
for all Ly > 1. In particular, there do not exist arbitrarily long chords of 0K outside K; (otherwise,

by transitivity and the uniform multiple closing lemma [2.16] one may construct a periodic orbit in
ao/3

some PKl (Lo, Ly + 0¢)). Therefore all the periodic orbits intersecting Ky are contained in some
compact Ks. From Lemma we obtain that the Gurevic entropy is finite. O

5 Gurevic entropy versus chord entropy

It will be useful in the sequel to count chords, i.e., pieces of orbits from the neighbourhood of a point
to the neighbourhood of another point, and try to compare their number with the number of periodic
orbits. In Section [5.1| we explain how to count chords and state some elementary properties of chords
counts.

5.1 Chords

The aim of this section is to introduce these chords and prove some counting properties.
Let K C M be a compact set. Let x,y € K and > 0. Let 0 < T~ < T. The set of chords from
B(z,n) to B(y,n) with lengths in [T, T%] is

C(l‘ay7777T_7T+) = {Z € B(%’?) : SD[T_,T+](Z) N B(yﬂ?) 7é (D} :

Definition 5.1. Let § > 0. A set E is a E(x,y,n,T~,T+,0)-set if:

1. EcC(z,y,n, T, TT);

2. E is a (0, T7)-separating set;

3. the set of chords C(z,y,n,T~,T") is contained in the union of dynamical balls \J,cp B(z,0,T7).
Denote by Ne(z,y,n, T~ ,T",8) the mazimal cardinality of a E(x,y,n, T, T",5)-set.

Fact 5.2. Let E be a set satisfying points[1] and[g of Definition[5.1. Then, there exists a set E' that
is a E(x,y,n,T~,T,d)-set and contains E.

Proof. Tf the union of dynamical balls U,egB(z,d,T~) does not contain C(z,y,n, T, T"), then we
pick a point
2 eClx,y,n, T ,TT)\ U B(z,0,T7).
zeE

By construction, the set {2’} U E is (§, T~ )-separating and contained in C(z,y,n,T~,T7"), ie., it
satisfies pointsandof Definition If it isnot a E(x,y,n,T~,TT,)-set, we iterate the procedure.
By compactness of the closure of C(x,y,n,T~,T7), this procedure will stop after a finite number of
iterations. At the end, we obtain a set E’ that contains F and which is a F(x,y,n,T~,T",§)-set. [
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Fact 5.3. Letz,y € K, 0<d and 0 < T~ <T*. The map
n € (0,+00) — C(x,y,n, T, TT)
is non-decreasing for the inclusion. Moreover, the map
n € (0, +00) — Ne(x,y,n, T, TT,0) € N
s non-decreasing.

Proof. The first assertion is a direct consequence of the definition of chords. For the second assertion,
fix n1 < m9, use the first assertion and apply Fact to a E(z,y,n, T, T",d)-set of maximal
cardinality F, to build a E(x,y,n2,T~,T*,§)-set containing E. We deduce that

#E :NC(x7y77717T_7T+75) < NC(xay77727T_7T+75> .

Fact 5.4. Letz,y € K, n >0 and 0 <T~ <T7 . Then, the map
§ € (0,+00) = Ne(z,y,n, T, T,6) € N
18 MON-INCTeasing.

Proof. Let 01 < 02 First note that if a set is (d2, T~ )-separating then it is also (01,7~ )-separating.
Let Fs be an E(x,y,n,T~,T",)-set of maximal cardinality. Then Fs satisfies the first two points
in the definition of E(xz,y,n, T, T",d1)-set. Using Fact we obtain

#E2 = NC($7 y? 777 T77 T+7 52) S NC(IE7 y7 777 T77 T+7 51)
as required. O

Up to changing the parameter involved in the definition of the counting of chords, we show in
Proposition [5.5] that such a number is uniform with respect to the points z,y € K.

Proposition 5.5 (Chord counting does not depend on the endpoints of the chords). Let K C M be
a compact subset. For any m and § such that 0 < m < %, there exist 0 > 0 and 0 < 79 < m1/2 such
that for all xo, yo, 1, y1 in K, 0 <T; < T0+, 0<mno <mno and, S > o, we have

NC($07y077707T0_7T6~_75) SNC(xlvylanhT(;r +57T6~_ +S+2TK75/2)
In particular, if TS + o0 < Ty <T; and Ty —T; > 27k, we have
NC(any077707T()_7T0—1—75> SNC(l‘l:ylvnl,Tl_le—’—aé/Q)'

Proof. Figure 5.1 summarizes the proof. The first naive idea to prove the proposition is the following.
By transitivity property we find arcs of length S/2 respectively from B(x1,79) to B(xg,n9) and
from B(yo,n0) to B(y1,m0). The finite exact shadowing property allows to concatenate every chord
of length in [T}, Ty] from B(xg,n0) to B(yo,no) with these arcs before and after it, to obtain a chord
from B(z1,m1) to B(y1,m). The resulting chord has length in [T + S — 27k, Ty + S + 27| and the
uncertainty on its length is higher than desired.

The proof is close to this naive idea, but we choose first an arc from B(x1,10) to B(zg,n0), with
length S; ~ S/2 + 7. Second, we consider an arbitrary chord of length ¢ € [T, ,7;"]. Third, by
uniform transitivity, we choose an arc from B(yo,n0) to B(y1,7n0) with length So + 75, where Sy is
chosen so that

S1+ 0+ S =T +5+7k

so that, after concatenation, the resulting chord has length in [T| 0+ + 5,71, 0+ + S+ 27k].
Step 1. Choice of parameters. Let 79 = n/2, with n the constant given by the finite exact
shadowing property applied with K, N = 3 and 6 = 11/2. Let o9 be the constant given by the
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Figure 5.1: Chord counting does not depend on the endpoints of the chords

uniform transitivity property applied with parameters K and 7y. Let 0 = 2max(op,7x) and S > o.
Let 0 < ng < 7.

Step 2. First use of transitivity. Transitivity property gives us a point wy, », € B(x1,M0)
and l(wg, z,) € [S/2 — Tk, S/2 + 7] such that ‘Pﬂ(wxl,xo)(wm,ze) € B(xzg,m0).

Step 3. Choice of a chord. Let E be a E(xo,y0,70,1, 1 J ,0)-set of maximal cardinality. For
every z € E, denote by £(z) € [T, T;7] a time such that ¢y, () € B(yo,m0)-

Step 4. Second use of transitivity. Lemma applied to K, 7o, yo, y1 and Sz = S/2 + (TOJr —
0(2)+(S/24 17k —l(wz, 2)) > S/2 > og gives a point wy, ,, and a length £(wy, ., ) € [S2—7K, S2+TK]
such that wy, ,, € B(yo,70) and W(wyo,yl)(wyo,yl) € B(y1,m0). By construction, we have

Ty + S < Uz) + Wy, z0) + L(wyyy, ) < Ty + S + 27k

Step 5. Concatenation. By the choice of parameters in Step 1, we have d(@[(wzl,mo)(wmhzo}’ z) <
270 and d(@y(z)(2), Wyo 4, ) < 2700, By the finite exact shadowing property there exists a point f(z)
such that

o for every s € [0, £(wg, a0)], d(0s(f(2)), @s(Way.20)) < /25
o for every s € [0, £(2)]; d(@pu,, 40)+5(f(2)); 05(2)) <m/2;
+ for every s € [0, £y )], A, - 1800y e (2)): (i) < /2.
By construction,
d(f(2),21) < d(f(2), Wy w0) + d(Way 29, 21) <M1 /2+ 70 <
and
AP (g, mg)+0(2)+e(wryy p,) (F(2))s Y1) LAty ) +0(2)+0(wyg ) (F(2))s Pruyy 1) (Wyop1))

+ d(@oé(wyo,yl)(wyo,yl)a Y1)
<m/2+n < m.

Thus, the point f(2) belongs to C(x1,y1,m, Ty + S, 15" + S + 27K). Therefore, we have just defined
amap f: E— C(zy,y1,m, Ty + S, Ty + S+ 27k)

Step 6. Separation. Recall that E is a E(zq,v0,70, 1, , Ty ,9)-set of maximal cardinality. For
every z € E, we built in the preceding steps a point f(2) € C(z1,vy1,m1, Ty + S, Ty + S + 27x). We
prove now that E' = f(FE) is (g,TOJr + S)-separating and that f is injective.
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Let z1, 22 € E be such that z; # z3. As E is (6,1, )-separating, there exists u € [0,7}, ] such that
d(pu(21), pu(22)) > 0. Therefore, we have

d((pqu@(zzl,IO)(f(zl))v (Pquf(zzl,zO)(f(ZQ))) > d(gOu(Zl), (pu(ZQ)) - d((pquE(le,IO)(f(zl))a (Pu(zl))
- d(@u#»f(zzl,zo)(f('z?))? SOU(ZQ))

)
>5_77125

that is, since T, + % +71k < Ty + 8, Eis a (g,Td|r + S)-separating set and f is injective. Thus
#E < #F'.
Conclusion. By Lemma we obtain

_ 1)
NC(I’O,QO,T]O,TO >T0+a5) SNC (xhyl)nlvTOJr +SvT0++S+27_m1n(K)a2> )

as required. O

5.2 Comparing chords and periodic orbits

We can now compare the number of chords with the number of periodic orbits of approximately the
same length. Note that the admissible lengths of the chords/periodic orbits are intervals of the same
length 7 but shifted by o. This is not critical to compare chord entropy and Gurevic entropy but will
be crucial for upcoming statements.

Proposition 5.6. Let K C M be a compact subset of M with nonempty interior. Let T > 27 . Fix
0 > 0. There exist constants D = D(6) > 0, Tynin > 0 and o > 0 such that for all z,y € K, T > Tyin
and 0 < n <1, we have

Ne(z,y,n, T, T +7,0) < Dx(T+o+7)x #Pg(T+0,T+0+7).

Proof. The idea of the proof is quite simple. We start with a chord from x to y whose length is in
[T, T + 7] , we use transitivity to build an almost-closed pseudo orbit following the chord from z to y
and coming back to . The closing lemma [2.16] allows us to close it into a closed orbit intersecting K.
Then, we control the default of injectivity of the construction.

Step 1. Choice of parameters.
Let Tpin > 0 and ¢/ > 0 be the constants given by Lemma [2.16| applied to K ¢ B(K,1), 6/3,
v = min(7/2 — 7x,1) and N = 1. Without loss of generahty, one may assume T, > 1. Let
o =0 — 71 —v. One may assume o > 0. Let T > Tpin. Let E be a E(x,y,n,T,T + 7,0)-set of
maximal cardinality.

Step 2. Construction of a map from chords to periodic orbits.
We now define a map

[+E—=Pg(T+0oT+o+T7).

Let w € E. Lemma gives us a periodic orbit v = f(w) with period in
T+o -k —v,T+0o' +17x+v]C[T+0,T+0+T7]

that intersects K and g-shadows the orbit of w from B(z,n) to B(y,n). More precisely, for w € E, let
f(w) € [T, T + 7] a time such that ¢y, (w) € B(y,n). Then, by construction, there exists an origin
so for the periodic orbit v such that for all s € [0, ¢(w)] we have

(s + s0), () < (1)

Step 3. Control of the cardinality of the preimages of f.
Let v € Px(T +o0,T + 0+ 7) and let wy,ws € E be such that f(w;) = f(wz) =~. The construction
v = f(w1) gives us an origin s; and the construction v = f(ws2) an origin ss.
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Figure 5.2: How to create a chord from a periodic orbit

For every s € [0,T] by and by property we obtain
d(ps(wi), ps(wz)) < d(ps(wi),v(s + s1)) +d(y(s + s1),7(s + s2)) + d(ps(w2), ¥(s + s2))

< 0 + 0 + 0| |
—+ - s9 — s1].
<3t3 2 — 81
If b|se — 51| < %, then wy € B(wi,d,T) and, as E is (0, T)-separating, we obtain w; = ws. Therefore,
if w1 # wa then |s9 — s1]| > §/3b and

3b
#10) < [F@aaen].
As Eisa E(x,y,n,T,T + 7,d)-set of maximal cardinality, we conclude that
3b
Ne(a,yon, T.T +7,6) < {5 x (T+U+T)] X 4Px(T +0,T +0+7).

This is the desired result, with D = [%ﬂ .y [

Proposition 5.7. Let K C M be a compact subset. Fix some T > 27). There exists eg > 0 and D
such that for all 0 < § < g9/4 and 0 < n < €9/2, there exists o > 0 such that for all x,y € K and
T > 0, we have

#Pr (T, T+ 1) < DNe(x,y,n, T+ 0, T+0c+T,0).

Proof. The strategy of the proof is, once again, to use transitivity property [2.14] from = to a periodic
orbit v and from ~ to ¥y, and then the finite exact shadowing property to get a chord from x to y
that starts close from z, goes to -, follows it, and then finishes close to y. One difficulty, as usual, is
to control the (lack of) injectivity of the construction. See Figure

Step 1. Choice of appropriate parameters. At the end of the construction, we will use the
separation property with v = 1 and 7, = 7 + 27x. This lemma gives us some constants 7y and
go. Fix 0 < 0 < egg/4 and 0 < n < g9/2. We will apply the finite exact shadowing property on
the 1-neighbourhood K’ = B(K, 1) of K, with N = 3 pieces of orbits that we want to glue to get a
shadowing orbit at distance at most 7/2 of the initial pieces. Property gives a constant 0 < ¢ < n/2
associated with K/, N = 3 and 7/2. Now, transitivity property on K’ with precision ¢ gives us
a constant oy > 0. Observe that by definition, 7 < 7. Set 0 = 200 + 7.

Step 2. A map from periodic orbits to chords. Let E be a E(z,y,n,T 4+ 0,T + o + 7,9)-set of
maximal cardinality. We define a map

[P, T+71)—=E,
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with controlled lack of injectivity as follows.
Step 2a. Transitivity. Start with a periodic orbit v € Pg(T,T + 7). Choose a starting point
z € yN K and a parametrization of v such that z = ~(0). By transitivity property we find
Wy, € B(x,() and l(wy,.) € [00 — Tk, 00+ Tx'] C [00 —Ti, 00+ Tk] such that ¢y, y(wz ) € B(2,().
In particular,
Uwy ) +0(y) €loo+T —1r,00 + T + 7+ TK].

Step 2b. Transitivity with well chosen length. For every S > og, transitivity allows to find a
chord from B(z,() to B(y,() with length in [S — 7x,S + 7x]. Choose

S =00+ (00+ 7K —lwzz)) + (T +7— (7)) = 00
and let w, , denote the initial point of the associated chord and ¢(w, ) its length. By construction,
U(zz,2) +L(7) + U(2zy) € [00 + (00 + Tk) + (T'+ 7) = Tk, 00 + (00 + 7)) + (T + 7) + 7x] -
Therefore (recall that o = 209 4+ 7 and 7 > 27 ),
Uzpz) +L(Y) +l(22y) €T+ 0, T+o0+ 2] C[T+0,T+0+T7]

Step 2c. Finite exact shadowing. Recall that w; » € B(%,(), ¢y(w, ,)(Wzy) € B(y,() and ¢ < n/2.
AS Yy, ) (Wz,2) € B(7(0),¢) = B(2,() and w, y € B(z,() = B(v({(7)), (), the finite exact shadowing
property [2.6| gives a point w € B(wy,.,1/2) C B(x,n) such that

o for 0 <s< g(wz,z)a d(@s(w)agps(ww,z» < g;
o for 0 <s < /{(y), d(cpﬁ(w;c,z)—&—s(w)v'Y(s)) < g;
o for 0 <s < l(wzy), d(Orw, .)+07)+s(W), Ps(wzy)) < 3.

In particular, Y, .)+e(y)+6(w..,) (W) € B(y,n) and w € C(z,y,n, T + 0, T + 0 + 7).

Step 2d. Construction of f. Since F is a E(x,y,n,T + o,T + o + 7,9)-set, there exists a point
p € E such that w € B(p,0,T 4+ o). Set f(v) = p. If w belongs to more than one dynamical ball, just
enumerate all the points in £ and choose the first one.

Step 3. Bound the cardinality of the preimages of f. Consider v1,v2 € Pg(T,T + 7) such
that f(y1) = f(72) = p € E. Divide the interval [T,T + 7] into intervals of length 79, where 79 is
given by Lemma [2.13] as explained at the beginning of the proof. We now prove that if v; and 7
satisfy f(v1) = f(y2) and |[€(y1) — £(72)| < 70, then 71 = 2. This will imply the desired result with
D = [r/m].

Assume from now that 0 < |€(y2) — 4(71)| < 79, We want to show that for s € [0,T — 27x], we
have d(71(s),v2(s)) < €0, and then use the separation property

The construction of f(y1) (resp. f(72)) involves chords with initial points w, ., and w;, 4 (resp.
Wg,» and wy, ), and produces a point wy (resp. ws) in C(x,y,n,T + 0,17 4+ o + 7) such that w; €
B(p,6,T+0) (resp. we € B(p,d,T+0c)). This proves w; € B(ws, 2, T+0). Without loss of generality,
we may assume that {(wg ., ) < l(wg 2, ).

By construction, for every (w; »,) < s < €(71) + l(wg,z, ), ps(w1) is n/2-close to ;. Similarly, for
every {(wy z,) < 5 < U(y2) + (w2, ), ps(w2) is n/2-close to 2. More precisely, for all s € [0,4(y1)],

d(Fyl(S)?SOs—&-Z(wx,zl)(wl)) < g

Therefore, for all s € [—(l(wg z) — HWg 2, ), U(11) — (U(Ws,2) — LWy 2, )]

N3

d(71(s + (U(wg,zy) — Uwe 2 ), @erZ(wz,zg)(wl)) <
Symmetrically, for all s € [0, £(2)],

|3

d(72(8); Pstt(ws ) (W2)) <
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Recall that 0 < l(wy z,) — U (w2 ) <27k, T < l(y1) < T+ 7 and T < {(y2) < T + 7. Therefore, for
all s € [0,T — 27x], we have

d(71(8 + U Wz zy) = L(We z,))572(8)) Kd(y1(s + LWy zy) — €Wz 2y)), SszrE(wz,zQ)(wl))
+ d((szr@(wz,zg) (wl)a Ps+l(we, =) (wQ))

+ d(Pstt(wy ) (W2), 72(5))
n n
<= +204 - <eo.
2 + + 9 €0
By Lemma we deduce that v; = 9. Thus, the cardinality of the preimage of any point by f is

bounded by D = [1/7y]| and
#Pi(T,T+71) < D#E = DNe(x,y,n,T +0,T +0+7,9).
as required. ]

We end this section with a technical adaptation of Proposition [5.6| which will be useful to compare
entropies at infinity in the proof of Theorem [5.26] The idea is to compare chords and orbits contained
in specified compact subsets of M. This may be skipped on first reading.

Let K be a compact subset of M. Let z,y € K and let K’ be a compact set containing K. Anal-
ogously to Definition we consider Ex/(x,y,n, T, T+, d)-sets which are E(x,y,n,T~,T",d)-sets
made up of chords from B(z,n) to B(y,n) contained in K'. We will denote by N¢ g/ (x,y,n,T~,T,0)
the maximal cardinality of such sets.

Proposition 5.8. Let K C M be a compact subset of M with nonempty interior. Let T > 27 . Fix
0 < § < 3. There exist constants Ryin > 0, D = D(§) > 0, Tpin > 0 and o > 0 such that for all
x,y € K, R> Ruin, T > Thin and all 0 <n < 1, we have

NC,KR($ayan7TaT+T75) < DX(T+O-+T)X #{7EPK(T+0-3T+U+T)”7CKR+1}

where Kr = B(K, R).

Proof. The proof goes exactly as the proof of Proposition[5.6l One just have to choose Ry, big enough
so that Kp_. contains all chords connecting, by uniform transitivity, any couple of balls, among a
finite family covering K, whose radius depends only on § and K. As §/3 < 1, the periodic orbit = is
then contained in K4 if the original chord is contained in Kpg. ]

5.3 Chord entropy

In this section, we define a notion of entropy that counts chords with increasing length. We prove
that for H-flows, it coincides with Gurevic entropy. This chord entropy will be easier to use than the
standard Gurevic entropy.

Fixz,ye M and o >0,1n>0,6 > 0. Let

1
he(z,y,m,0) = limsup T log Ne(z,y,n, T, T + 0,9). (12)

T—o00

Recall that N¢(z,y,n,T,T +0,0) counts chords and is defined in Definition This does not depend
on o, as proved in the following lemma.

Lemma 5.9. The quantity he(z,y,n,0) is non-decreasing in n > 0, non-increasing in § > 0 and does
not depend on C.

Proof. The first assertion comes from Fact and the second assertion from Fact [5.4]
We now prove the last assertion. Choose two constants 0 < g1 < 09 < 0co. Let n be the smallest
integer such that g2 < no;. For all choices of z, y, §, n and T' > 0, we have

n—1
NC(x>y7na T7T+0176) SNC(J?,Z/,?%T,T—FO'Q,(;) < ZNC(I’,y,U,T+jO'1,T+ (] + 1)0176)'
7=0
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Indeed,

n—1
Cla,y,n,T.T + 02) C | Cla,y,n, T + jor,T + (j + 1)oy)
=0

and if ' is a E(x,y,n,T,T + 02, 6)-set of maximal cardinality, then F; = ENC(z,y,n,T + jo1,T +
(7 + 1)oq) is (9, T)-separating and therefore (0,7 + joi)-separating. By Fact we deduce that

#Ej < /\/’c(%yﬂ%T +jgl,T+ (.7 + 1)0175) )
and thus, since E C ;2 L E;j,

n—1
Ne(@,y,n, T, T + 02,6) = #E<Z#E <> Ne(z,y,n, T+ jor, T+ (j + 1)o1,6).
7=0 7=0

Therefore,

NC(IZJ,Z/,?],T,T—FUl,(S) SNC(x7y7n7T>T+O-235) <n . max 1NC(~TaZ/»777T+j017T+ (] + 1)0175) .

.7:0 =
Yet
. IOch(l',y,?’],T,T—FO'l,(S) logNC(x7y7an+jal7T+(j+1)0175)
lim sup = limsup max -
T—00 T T—00 -7 =0...,n—1 T+ joi
—hmsup—log _max_ Nc(a: y,n, T+ jo1, T+ (j+1)o1,9)
T—o0 T
—hrnsup—logn max_ Nc(x y,n, T+ jo1, T+ (j+ 1)o1,9).
T—oo 1’ =0..
Therefore

1 1
lim sup T log Ne(z,y,n, T, T + 01,0) = lim sup T log Ne(x,y,n, T, T + 09,9).

T—o0 T—o0

O

Lemma 5.10. Let K C M be a compact subset. Let § > 0 and ny > 0 such that n1 < /2. Then there
exists 1y such that for all xg, yo, 1, y1 tn K and for all 0 < ng < 1o,
0
hC(‘r()a Yo, 1Mo, 5) S hC(xlv Yi,mM, 5)

In particular

%I_I)% hm hC(an Yo, 1, 6) = %l_rf(l)}]lg%) hC(xlv Y1, n, 5)

Proof. By Proposition [5.5] there exists ¢ and 7y such that, for all 0 < 19 < 7jp and all T' > 0
NC(x07y077707T7T+ 27[(75) S NC(3717IU1:771;T + UvT +o+ 27-K76/2)

Therefore 5
he(zo, 90,10, 0) < he(1, y1,m, 5)-
Considering the limit when g — 0 and then when 7; — 0, we obtain
1)
. <1 %
7171_1’)% hC(x():y(b 7775) = rl]l—rf%) hC(xlvylanv 2)

We now consider the limit when § — 0 to obtain

lim lim A, 0) < lim lim A, ).
51_% lm C(x()ay()?na )_61—I>I(1)77% C(xlay17777 )

Therefore, by inverting the roles,

lim lim A, 0) = lim lim A, ).
61_1;% lm C(x07y07777 ) (51—I>I(1)171£>r%) 6(11791;777 )

38



Definition 5.11. We define the chord entropy as

1
he(p) = lim lim lim sup T log Ne(z,y,n, T, T + 0,0) .

6—=0n—0 7~
Observe that the chord entropy does not depend on the choice of z, y and o.

Theorem 5.12. Let ¢ be a H-flow on M. The Gurevic entropy coincides with the chord entropy:

hGur() = he(p).

Moreover, for every fized compact set K with nonempty interior, there exists ag > 0 such that for all
r,y€ K, 7>57, 0< 0 <ap/2 and 0 <n < ay/2, the quantity

1
flOgNC(xvyaanaT_l'Tv 5)

converges towards hgy (@) when T — 400. Thus

. 1
hC(SO) = h’GUT(SO) = Th—rgéo TlOgNC(‘T7y7naT’T+ T, 6)

Proof. Tt follows immediately from Propositions [5.6] and as we will see now.

Fix 7 = 57x. Fix ¢g as in Proposition Let ap = min(gp/2,1). Choose K C M compact and
z,y € K. Fix 0 < ¢ < ap/2 and 0 < n < ap/2. From Propositions and there exists o, o/, D
and D’ such that for all T > 1

1
E#PK(T,T-FT) < Ne(z,y,n,T+0,T+0+7,0) < D' (T+o+0 +7)#Px(T+o+0", T+o+0' +7).
As hgyy is a true limit (Theorem [3.10]), we obtain that the following limits exist and
1 .1
Tlgréo T log P (T, T + 1) = Tlgréo T log Ne(z,y,n, T, T + 7,0)

Thus
hur(¢) = he(p).

5.4 Entropy at infinity through chords

This section is devoted to the notion of chord entropy at infinity, that we will later compare with
& (@). Fix a compact subset K C M, and two points z,y € 0K. For > 0, we define the n-interior
neighbourhood of K as
K_,, = K\ Ugeor B(z,7).

We define a chord outside K_,, from B(x,n) to B(y,n) as a path from a point of B(x,n) to a point of
B(y,n) that does not intersect K_,. We now consider the set of chords outside K_, with controlled
length. Define CX“(z,y,n,T~,T%) as

{z € B(z,n),3r € [T, T"] such that ¢,(z) € B(y,n) and @[ ,(z) N K_, = 0}.

Observe that some sets CX“(z,y,n, T~,T") could be empty for all T~ and T*. Following Defini-
tion [5.1] we introduce the following notations.

Definition 5.13. Let 6 > 0. A set E is a EX"(x,y,n,T~,T,0)-set if:
1. ECCM(x,y,n, T, T);
2. E is a (5, T7)-separating set;

3. the set CK"(z,y,n, T, T%) is contained in the union of dynamical balls g B(2,6,T7).
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We define the number N&* (z,y,n, T~,TT,8) of chords from x to y outside K_,, with length in [T~, T
as the mazimal cardinality of a EX"(x,y,n,T~,T+,5)-set.

The proof of the following fact is similar to the proof of Fact

Fact 5.14. Let E be a set satisfying points and@ of Definition . Then there exists a set E’
containing E which is a EX (x,y,n, T, T,d)-set.

The following fact is analogous to Fact and we omit its proof.

Fact 5.15. Let K be a compact set with nonempty interior and x,y € OK. Let 6 >0 and 0 < T~ <
T+. The map
1 € (0,+00) = C* (,y,m, T, T+, 0)

1s non-decreasing for the inclusion. The map
n € (0, +00) = N&E (z,y,n,T~,TT,6)
s non-decreasing.
The following fact is similar to Fact [5.4]

Fact 5.16. Let K be a compact set with nonempty interior and x,y € K. Letn >0 and 0 < T~ <
T+. The map
8 = NE“ (2, 9,0, 77, T, )

18 MON-INCTeasing.
Moreover, a proof similar to the proof of Lemma [5.9] gives the following result.

Lemma 5.17. The exponential growth rate

1 c
lim sup — log N&* (2, 9,1, T, T + C, 0)
T—+o0 T

does not depend on C' > 0.

We can now start defining the chord entropy outside a compact set. Set

(&3 1 C
he" (w,y,m, 0) = limsup — log N¢* (2,0, T, T + C.0)

T—o00

and

C 1 C (&
heg (n,0) = sup limsup — logNCK (z,y,n, T, T+ C,§) = sup h(lj{ (z,y,7m,0).
z,yc0K T—oo T z,ye0K

The chord entropy outside K is defined as

Kec 1 . K¢
he () = lim Ly he' (1, 9) - (13)

This definition makes sense because the function n — hé(c(n, d) is non-decreasing, and the function
§ — hf"(n, ) is non-increasing.

In the following proposition we prove that the above quantity is essentially non-increasing when
K grows.

o
Proposition 5.18. If K1 C K9 and K1 has nonempty interior, then
K¢ K¢
he? (@) < he'' ().

This proposition is proved below. It motivates the following definition.
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Figure 5.3: How to construct a chord connecting 2’ to 3’ from a chord connecting = to y

Definition 5.19. The chord entropy at infinity is

c 1 c
h&(p) = inf b = inf lim lim sup limsup — logNZ“(z,y,n, T, T + C,6), 14
() = (o) =t ity sup s 7 log A (5501 G

the infimum being taken over all compact sets K with nonempty interior.
The following corollary is an immediate consequence of Proposition and of Definition [5.19

Corollary 5.20 (Chord entropy at infinity is invariant under compact perturbations). Let ¢: My —
My and ¥: My — My be two H-flows such that there exist two compact sets K1 C My and Ko C My
with My \ K1 = Ma \ K, (M1 \ K1) = (M2 \ K2) and pjar\kx, = Yjap\k,- Then

he'(p) = he” ().

Proof of Proposition[5.18 The main idea of the proof is the following. For z,y € JKj, find some

points 2’y € K7 such that the number of chords from x to y outside K5 is bounded by the number

of chords from z’ to ¢’ outside K. As the chord entropy outside a compact set is defined by counting

chords, the theorem is proved. More precisely, the points 2’ and 3’ have the following property: there
e]

exist a chord from 2’ to B(x,n/2) contained in M \ K7 and a chord from B(y,n/2) to y' contained in

M\ Ig' 1- We can now concatenate these two chords and a chord from x to y outside K5 to obtain a
chord from z’ to vy’ outside K;. As this process is injective, we obtain the desired inequality between
the number of chords and therefore a proof of the theorem. See Figure [5.3]

Step 1. Setting the parameters. Fix 0 < § < min(d(0K1,0K32),1) and C' > 0. Since the interior

of K7 is nonempty, we can fix z¢ and dg > 0 such that B(zg,dy) C Iél. Fix 0 < o < min(d/4, dp). By
the finite exact shadowing property, see Definition applied at the compact set B(K2,1), 6 = «
and N = 3, we get some 0 < 7 < a.
Step 2. Comparing chords outside K; and K2. We now show that for every z,y € 0Ks there
exists 7/, y’ € K7 and ¢(x'),£(y’) > 0 such that
0

Nf% (x, Y, g, T,T + C, 6) < /\/CKf (x/7 Y, T+ 0a') + 0y), T + ') + (y) + C, 2)

for any T' > 0.
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Step 2a. How to find 2’ and 4?7 Let z,y € K. By Lemma applied at points z,zg € Ko
with § = 2 > 0, there exists t > 0 such that ¢;(B(xo, %)) N B(x, %) # . Since 3 < dy, we have

o
B (z0, %) C Ki. Therefore, there exist a point 2’ € 0K and a time 0 < £(z) < ¢ such that

o

Quay(2') € B (m, 727) and  pjg gz (z) N K1 =0.

By a similar argument, there exists a point y’ € K7 and a time £(y’) > 0 such that

fr] [¢]
@) €B(1]) and elanol)nE=0.

Step 2b Constructing a map f from chords connecting z to y, to chords connecting z’ to 3. Let
E be a EX5(z,y, 2,T,T + C,0)-set of maximal cardinality. We define a map

frE—=CN@y o, T+ )+ Ly), T+ )+ L)+ C)

as follows. Let z € E. In particular, there exists £(z) € [T,T + C] such that z € B(z, ), py.)(2) €
B(y, 3) and @[, (2) N (K2) 1 = (. Observe that

d(pean ('), 2) <m and  d(pe)(2), e_oyn)(¥')) <.

By the finite exact shadowing property, see Definition applied at @', z, o_yy)(y') € B(K2,1), we
obtain a point w such that

o forall s € [0,4(2)], d(ps(w), ps(2')) < a;
o forall s € [076(2)]7 d(@é(m/)Jrs(w)?(Ps(Z)) <a;

o for all s € [0, £(y")], d(Pe(ar)+o(2)+s(W)s P—py)+s(Y')) < @

In particular, we have w € B(z',«) and @y pez)+e0(w) € By, a) with £(z') 4+ £(z) + £(y') €
[T+£(x") +L(y'), T +£(2") +£(y") + C]. Moreover, since @jg gz (2") and pp_g,0(y") do not intersect

Iél, both @jo g (W) and (e 1o(2) 0@ +0(z)+e() (W) do not intersect (K1)—o. Additionally, since
®10,4(2)] () does not intersect (K2) 1 and n/2 <0 < d(0K1,0K3), the arc g, ¢(a')+¢(z) (w) does not

intersect (K1)_q. This proves
we i,y o, T+ £(a) + Uy'), T + L") + £(y') + O).

Set f(z) = w.
Step 2c. The map f is injective. Let now 21, 20 € F and assume that f(z1) = f(22) = w. By the
construction of f and since ¢(z1) > T and £(z3) > T, for every s € [0,T], we have

5
d(ps(21), @s(22)) < d(@s(21), Peary () + d(ps(22), Puary4s(w)) <20 < 5.
Since the set E is (0, T)-separating, we conclude that z; = 29, i.e., f is injective.

Step 2d. Consequences on the numbers of chords. Observe that the set f(F) is contained in
CEi(z!,y,a, T + £(x') + £(y), T + £(2') + £(y') + C). Moreover, since E is (8, T)-separating and
200 < §, the set f(E) is (3,7 + £(2') + €(y'))-separating. Since #E = #f(E) (as f is injective) and
by Fact we then conclude that

c c (5
NEE (2, g T.T+C,8) < N2 (2 of 0, T+ 6(a') + Uy), T+ 6() + U(y') + C, 5

Step 3. Conclusion. The previous inequality implies that, for every z,y € 9K>, there exists

x',y’ € 0K, such that
c 1) c 0
0) Shg @y e ) < he' (0, 3).

K

hCQC("I}7y7 1

57
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where 1 < o < §. Considering then the supremum over x,y € 0Ks, we obtain

1)
5)7

taking the limit as n — 0 and then the limit as o — 0, we have

. K51 . K¢, 0
m 21.§) < lim -).
7171 ohc (2,5) _Clyl Ohc (a,2)

he?(3.0) < he' (o

We now let 6 — 0 and obtain hé(g(ap) < h?f(gp), as required. O

Remark 5.21. The proof of Proposition [5.18 relies only on the finite exact shadowing property and
the transitivity of the flow.

5.5 Gurevic entropy at infinity and chords entropy at infinity coincide

Our goal is now to show that counting the chords at infinity is the same as counting the periodic orbits
at infinity, as presented in the following statement.

Theorem 5.22. Let o : M — M be a H-flow. Then

Gur(p) = e (¢)
The following corollary is immediate from the above theorem and corollary [5.20

Corollary 5.23 (Gurevic entropy at infinity is invariant under compact perturbations). Let ¢: M; —
My and ¥: My — My be two H-flows such that there exist two compact sets K1 C My and Ko C My
with My \ K1 = My \ Kz, p(M1 \ K1) = (M2 \ K2) and o\a\k, = Y)ap\k,- Then

h‘%our(gp) = hoGour(w) °

The proof of the inequality hg°(p) < hE,, (¢) is easier and done in Proposition below. The
hard inequality is A&, (¢) < h(p). Indeed, we saw in section that chords and periodic orbits
have the same exponential growth rate. However, the Gurevic entropy at infinity counts periodic
orbits that spend a small proportion of time in K, but an unbounded amount of time, whereas the
chord entropy at infinity counts chords outside K, that can be closed into periodic orbits that spend a
bounded amount of time in K. We follow the strategy developed in |[GST23] and cut a periodic orbit
that spends most of its time outside K into successive excursions outside K. This is expressed in the
technical Theorem whose Corollary gives the desired inequality.

Proposition 5.24. Let ¢ : M — M be a H-flow. Then

he(p) < hgu(e)-

Proof. The main idea of the proof is the following: the chord entropy at infinity can be approximated
by counting separated chords outside a big compact K which start in a neighborhood of x € 9K and
end in neighborhood of y € 0K. These orbits can be closed to obtain different periodic orbits which
intersect K but stay a finite amount of time in K. As these orbits contribute to the Gurevic entropy
at infinity we obtain that the chord entropy at infinity is smaller than the Gurevic entropy at infinity.
We now give a detailed proof of the proposition.

First note that if h3°(p) = oo, then he(p) = hgur(¢) = oo and, from Lemma Zr(p) = oo
the proposition is proved. Therefore, in the remaining part of the proof, we may assume h3°(¢) < oo.

Step 1. We quantitatively approximate the chord entropy at infinity by counting chords from z
to y outside a compact set. Fix ¢ > 0 and g > 0. By the definition of hg°(y) (Definition and
Proposition there exists a compact set Ky with nonempty interior such that, for every compact

set K for which Ky C K, we have

W (p) € [hE@) () +
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Figure 5.4: Construction of f

[¢]
Fix a compact set K such that Ko C K. Without loss of generality, we may assume there exists
o
xo € K such that B(xg,2¢) C K. There exists 0 < d < € so that

lim sup limsup —log (./\/K (x,y,n, T, T + 00,5)) € [he' () —e/4,he’ () +€/4].
=04 yedK T—oo

Fix0<a< g. Apply the multiple closing lemma (Lemma D to the compact B(K,¢),0 = a,v =1

and N = 2 to obtain a time T, > 0 and a parameter 0 < n < a. Coming back to the chord entropy,

we can assume that n < J is small enough such that

sup limsup 7 log (N ., 1.7+ 00.0) ) € INE(¢) — /2. 0(6) + /2.
2yedK T—oo 1

Consider then z,y € 0K such that

1 e
lim sup — log (NCK (@, y, 2, T,T + oo, 5)) € [h&(p) — e, hg’(p) +¢]. (15)
T—o0 T 2
Apply the uniform transitivity (Lemma [2.14)) to the compact set K, the compact set K' = B(xg, €)
and 0 = 4 and obtain a time o > 0. Without loss of generality, we may assume o — 75 > 1.
Step 2. We construct a map f from chords to periodic orbits (see Figure Fix p > 0. Let

o+ 71 +1

T > max (Tmin, ,o00+0+TK + 1) . (16)

Consider a set E that is a EX*(z,y, 3, T,T + 09, 0)-set of maximal cardinality, i.e.,
#E = NE (z,v, g,T,T + 00, 9).

We now build a map

f:E =Pk, (T,T+0p)
where o = 09 + 0 + 7k + 1 and Pg., (T, T + 0p) is defined in Definition We fix once for all a
point w € B(y, 5) such that ¢y, (w) € B(z,5) for some L(w) € [0 — Tx,0 + Tx] and @jg gy (w) N
B(xg,e) # 0. Such a point exists thanks to uniform transitivity (Lemma applied at the points
z,y € 0K C K.

Let z € E. In particular, z € B(x, 4) and ¢ .)(2) € B(y, 4) for some £(z) € [T, T + oo]. Moreover,
Plo,2)(2) N K a1 = () (this also comes from the definition of F, see Definition . By the multiple
closing lemma (Lemma applied at the points z and w and times ¢(z) and ¢(w), we obtain a
periodic orbit v of period I(v) € [¢(z) + (w) — 1,4(2) + ¢(w) + 1] C [T, T + o] such that
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o for all s € [0,£4(2)], we have d(v(s), ps(2)) < o

) +5),ps5(w)) < a.

(2
In particular, as @jg () (2) N K n = 0, we have v([0,£(2)]) N K g o= 0. As n < a, we obtain
7([0,4(2)]) N K_2q = 0. Therefore

o for all s € [0,¢(w)], we have d(y(¢

(N K ) _ )= 0E) _ L)+ _o+mct] _
vy ~ T T ~ T

(where the last inequality is satisfied as T has been chosen big enough, according to )

We now prove that v intersects K on. AS @s(z)e(z)+w)(w) N B(xo,e) # 0, we have that
Y([€(2),4(2) + £(w)]) N B(zg,e + ) # 0. As a < g < £ and B(wg,2¢) C K, we obtain B(zo,e +a) C
K 94 and y N K 94 # 0. This proves v € Py (T, T +0p). Let f(z) =

Step 3. The map f is almost injective. We now control the cardinality of the preimage by f of
every periodic orbit. Let 21,22 € E be such that f(z1) = f(z2) = . Let s1, resp. sq2, be the origin of
~ that comes with the construction of f(z1), resp. f(z2). Without loss of generality me may assume
0<s1<s9<(y)/2.

We first prove |sy — s1| < o(. By construction, y([s1,s1 + T]) N K_2o = 0 and ~([s2,s2 + T]) N
K_5, = 0. Moreover y([s1 + T, s1 + £(7)]) N K_20 # 0 and v([s2 + T, s2 + 1(7)]) N K_24 # 0. As
T > oy, again by (16), we have T > {(v)/2. Therefore, [sy + T, s2 + ()] C [s1,s1 + £(7) + T| and,
to ensure y([s1 + T, s1 + £(7)]) N K_20 # 0 and ~y([s2 + T, s2 + £(7)]) N K_2q # (), we must have
[s1+T,s1+L(7)]N[s2+ T,s2+ £(y)] # 0, since y([s1,s1 + T]) = v([s1 + £(7),s1 + £(7) + T]) cannot
intersect K_o,. Therefore so — 51 < ¢(y) —T. Thus 0 < s9 — 1 < 0.

Then, for all 7 € [0, T] we have, using ,

d(pr(21), pr(22)) < d(pr(21),7(s1 + 7)) +d(y(s1+ 7),7(s2 + 7)) + d(pr(22),7(s2 + 7))
< a+blsys—s1|+a.

If |s2 — s2| < a/b, then
d(pr (1), r(22)) < 3a < 4.

Since F is a (0,T")-separating set, we conclude that z; = z3. Therefore

#7H() < Fmﬂ :

(07

Step 4. Conclusion. We just proved that
c bO'
NE (@9 3 I T 4 00,8) < [ 220 #P4, (1T + ).
By taking the exponential growth rate in the previous inequality when 7" — 400 we get

1 1
lim sup Tlog (NC (x, Ui g L 00,5)) < limsup = log <#77K (T + (TO)) = hE 2P ()

T—o00 T—oo

and therefore, by (15]),
o0 K_ [e7]
hC (90) <e+ hGur2 P(SO)

We now consider the limit p — 0 to obtain

o0 < . K_2q,p '
hC (90) Se+ gl_r% h‘Gur (SO)

We can now take the infimum over K (as K — lim,_o hé(l’ﬂ(go) is non-increasing with respect to
inclusion (Fact [3.18)), taking the infimum means taking big compact sets K and therefore is compatible
with the conditions on K). By the arbitrariness of €, we conclude that h3°(¢) < A, (¢). O
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As said above, the other inequality is more difficult, but the proof follows closely the proof of
[GST23|, Theorem 5.1].

Given two compacts sets K1 C Ko, 0g > 0 and 0 < a < 1, we introduce for all 7' > 0 the set of
periodic orbits with length roughly 7" that intersect K7 and spend a small amount of time in Ky :

P(Ky1, K2, a, T, T+ 00) ={y € P, (T, T + 00), {(y N K2) < al(y) } .
As in [GST23], we need the following lemma.

Lemma 5.25. Let o: M — M be a H-flow. Given any compact sets K1 C Ko with K1 # (), o9 > 0
and a > 0, there exists 0 < § < 1 such that

1 1
limsup — log #Pg, (T, T +09) < limsup — log #P (K1, (K2)_s,20, T, T + 00)
T—~+o00 T T—s+00 T

1
< limsup — log #P% T,T+ o09),
< lmoup Zlog PRy (11 40

where (K2)_s = K2\ Uyear, B(x,0).
Proof. The second inequality is easily obtained, thanks to the inclusion
P(K1, (K2)-5,20, T, T 4 00) C PR,y (T, T+ 00).

We now prove the first inequality. The proof goes as follows. If v is a periodic orbit intersecting Ko
then, using transitivity and the multiple closing lemma, we can make it do a small detour to intersect
K. As the detour is controlled, we still control the time spent in K» (in fact (K3)_s) as well as the
period of the new periodic orbit. This leads to an inequality between the number of periodic orbits in
Pk, (T, T 4 09) and P(K1, (K2)_s,2a,T,T + 0o + 0;), for some suitable o > 0. This proves

1 1
limsup —log #Pg, (T, T + 0p) < limsup — log #P (K1, (K2)_s,20, T, T 4 09 + 0y) -

We then prove that the limit superior does not depend on oy,. See Figure We now give a detailed
proof.

Step 1. Setting the parameters. Since K7 # (), we can fix a point z¢g € K7 such that B(xg,dp) C K
for some dg > 0. Lemma m (i.e. the separation of orbits) applied with ¥ = 1 and 7 = 1 gives us

70 >0 and 1 > 0. Fix 0 < 0 < & small enough such that d(0K1,0Ks2) > 26 and B(zo,d + d) C I?l.
From Lemma (i.e. the multiple closing lemma) applied at the compact set B(Ks,1), with § > 0,
v =1and N = 2, we obtain a time Ty, > 0 and 1 > 0. From unifom transitivity, i.e., Lemma [2.14
applied at the compact sets B(zo,d0) C B(K>,1) with Z > 0, we obtain a time o > 0.

We now cover the compact set B(K>2,1) with N balls B(z;,4). For all 1 <i < N, by transitivity
applied at the center of the ball B(x;, 4), there exists a point z; € B(z;, 3) and a time £(2;) € [0 +
1,0+ 27k, +1] such that oy.,)(2) € B, 5) and @y (2,)(2:) N B(xo,00) # 0. Let 0 = 0 +2(7x, +1).

Step 2. We construct a map between our two sets of periodic orbits. Fix

(17)

/
og + ao
T 2 max (Tmina 00> )

(67

we now construct a map
f: ’P%Q (T,T + 0'0) — P(Kl, (KQ),(;, 2a,T,T + oo + 0’6) .

Let v € Pg, (T, T + 09) and assume, without loss of generality, that v(0) € Ka. Let 1 <i < N be
such that v(0) € B(x;, 4). Notice that

d(e(z)(2i),7(0)) <n and  d(7(0), 2i) = d(pe(y)(7(0)), 2:) <.
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Ky

Ky

Figure 5.5: Construction of a periodic orbit intersecting K.

Therefore, also by (17), we can use Lemma with points 1 = z;, 9 = 7(0), and times ¢(z;) €
o+ 1,0 + 27k, + 1], £(y) € [T, T + 09| to obtain a periodic orbit 3 of period ¢(5) € [£(7) + (z;) —
L A(y) 4 £(z;) + 1] C [T, T + oo + 0g] which is d-close first to @ig ¢(,)(2i) and then to 7.

The orbit 3 intersects K7 because @y g(.,) (2i) meets B(xo,do) and B(zg,do +9) C Igl. Moreover,
since (v N K2) < al(y) and [ is d-close to vy on [£(z;), £(zi) + £(7)], we have

CB([0(z0), £(zi) + £(1)]) N (K2)—5) < a(T + 00)

and therefore
(BN (K2)—s) <a(T +o0o)+£(B) —(y) < (T + 00) + 0y -
So
(BN (K2)s)
(B) T -
as T has been chosen big enough, according to . Thus, f € P(K1, (K2)-s,2a, T, T + 0¢ + ().

Set f(v) = B.

Step 3. The map f is almost injective. We want now to control the loss of injectivity of the
function f defined above. Let 71,72 € Pg, (T, T + C) be such that f(y1) = f(y2) = B. Assume that
0 < €(71) — €(y2) < To (where 7 is given by Lemma [2.13] as explained above). The point 1 (0) belongs
to B(xi, 3), for some 1 < i < N; additionally, let us assume that also 72(0) belongs to the same
ball B(z;,4). Actually, for this second choice we have N possibilities, and we will count them when
considering the cardinality of the preimage of a periodic orbit.

The construction of f(v;) provides an origin of the orbit 3, that we denote s;, for j = 1,2. We can
assume without loss of generality that s; = 0. For any s € [0, 4(v2)], one has

d(71(s),72(s)) < d(71(s), B(L(2:) + 5)) + d(B(€(zi) + 5), BL(2:) + 52+ s)) + d(B(€(z:) + 52 + 5),72(5))
<+ blsa|+0,

where b comes from (2)). If |so| < %, then

d(71(s),72(s)) <36 <e1.

We can then conclude, by Lemma that v; = 9. It follows that the cardinal of the preimage of
B by f is bounded by N {‘T’—g-‘ {w-‘. Consequently

(T + o9 + )b

4P (T,T +00) < N {"0] [ ;

T -‘ #P(Kl,(KQ)_§,20é,T,T+O'Q+O'6).
0
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This proves

1
limsup — log #Pg, (T, T +0¢) < limsup log#P(Kl,(Kg) 5,20, T, T + 00 +0,).  (18)

Step 4. The limit superior limsupy_, , % log #P (K1, Ko, o, T, T + o) does not depend on oy.
Let 0 < 01 < 02. Let n = |o2/01|. Then

P(K1, Koy o, T, T + 02) C Ul P(K1, K2, 0, T +i01, T + (i + 1)o1)
and

#P(Kl, Ko, o, T, T + 0'1) §#P(K1, Ko, o, T, T + 0'2)
<(n+1) max #P(Ky, Ko, a, T +i01, T+ (i+ 1)o7) .
7=u...n
Therefore,
1 1
limsup = log #P(K1, Ko,a, T, T 4 01) = limsup — log #P (K1, Ko, a, T, T + 03) .
Thus, from this equality and from (18] @, we conclude
1
lim sup — log #Pi, (I, T +00) < limsup  log #P (K1, (K2)_5,20, T, T + 09)
T—+o0 I’ T—+o00 L'

as required. O

We are now able to state and prove the analogue of [GST23| thm 5.1] in our context.

Theorem 5.26. Let o: M — M be a H-flow. Let K C M be a compact set with K # (). Let ¢ > 0.
There ezist a map o € (0,1) — ¢(a) € (0,00) converging to 0 when o = 0 and R > 1 such that for
all0 <a<1land S >0

1 c b
lim sup - log #P(K, K, o, T,T + §) < h () (1 +20‘) et (o).
T—o0 T R

where K is the R-neighbourhood of K.
From Theorem [5.26] we will deduce the following result.
Corollary 5.27. Let ¢: M — M be a H-flow. Then hE,.(¢) < hF(p).

Proof. If h3°(p) = oo, then there is nothing to prove. Assume now hZ°(p) < co. Let € > 0. Fix K a
compact subset with nonempty interior such that

he (9) < hE(p) + ¢
Use Theorem to obtain ¢ and R. As lim,_0 hGR“’ (¢) > hE,,(v) and since, by Fact the

KRri1, Ot(

function a — hG ) is non increasing, then for all & > 0 one has

K
hGllfr+1 a( )>hGur( )
Choose a such that a < 1/2, 2ba/R < ¢ and ¢¥(2a) < e. From Lemma with parameters

K C Kpy1 and a we have

1
hé{R“’ () _hmsup—log#PK (T,T+S) < limsup - log#P(K, Kp,20,T,T + 5).
ur Tstoo T R+1 T— 400 T

We now use Theorem [5.26] to obtain

hmsup—log#P(K Kg,2a,T, T+ S) < hE (0)(1 +€) + ¢ + ¥(20).

T—o00

Therefore
oGour(w) < hgo(@)(l + 5) + 3e.

As € can be choose arbitrarily small, we obtain A&, (¢) < he°(p). O
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Kgr

Figure 5.6: larges excursions

We will prove Theorem by adapting the arguments of [GST23|] to our context. We provide
details when necessary, and refer to [GST23| for complements.

Proof of Theorem . If hE"(p) = oo, then there is nothing to prove. Assume now that hX (p) <

o0o. We start a given compact set K C M with IO( # () and a given € > 0.

The heuristic of the proof is the following. We cut every periodic orbit v € P(K, Kr,a,T,T + 5)
into chords joining points of 0K, in such a way that a chord is either a large excursion outside Kg,
i.e. a connected component of v\ K that intersects (Kg)¢, or a chord between points of 0K staying
inside Kg, between two large excursions. This decomposition will give a bound on the number of
periodic orbits in terms of number of chords. More precisely, the number of large excursions, i.e. the
chords going outside K will be controlled by the chord entropy at infinity, while the number of other
chords, i.e. those remaining inside K, will be controlled by the Gurevic entropy.

The set of useful chords is quite involved and bounding its cardinal will require some work. This
will be the main technical part of the proof.

Step 1. We quantitatively approximate chord entropy at infinity.

Apply Lemma with v = 1 and 71 = S: we obtain 7p > 0 and £ > 0. Recall that lip(¢) > 1
is the Lipschitz constant of the map ¢,, for all 7 € [—1,1] (see point 1 of Definition . By the
definition of h“(¢) and since this quantity is finite, there exists § > 0 such that & < /(3lip(p)),
0 <b/2and, for all 0 < § <6,

. : log N&* (z,y,n, T, T + S, 6)
lim sup limsup
102 yedK T—+o0o0 T

c S c 9
e (W (@) - S 0+ ).
Choose 6§ = 6. There exists 7j < & such that, for all 0 < n <7,

: log N&“ (2, y,n, T, T + S,9)
sup limsup
z,y€0K T—+o0 T

e (W -5 HE @+ ) (19)

Choose 0 < 1 < 7. As above, by the same argument as in the proof of Theorem the above limsup
does not depend on S. Therefore, the quantifiers  and § do not depend either on S.

Step 2. We divide a periodic orbit in excursions.

Choose M = M(n) € N a (minimal) number of balls B(z;,n) centered at points x; € 0K for

1=1,..., M so that
M

0K C UB(mi,n).
i=1
Fix an arbitrary R > 1, whose value will be determined later on the proof, and some « € (0,1). We
will divide each periodic orbit of P(K, Kr,«,T,T + S) into suitable chords.
Step 2.a. Large excursions.
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Let v € P(K,Kg,a,T,T 4+ S). A large excursion of v outside Kp is a connected component of
~v N K¢ starting from JK, staying outside K except at the endpoints of the interval, and intersecting
(Kr)¢. We will divide 7 into 2N connected components, with N large excursions separated by N
pieces of orbit that stay inside Kr. Choose a point by = by on ~ at the beginning of such a large
excursion. Following [GST23|, we denote by (a;)1<i<ny on yNIK the endpoints of the large excursions,
and starting points of components inside Kg, and (b;)o<i<n—1 on v N 0K, the starting points of the
large excursions. With these notations, every large excursion goes from b;_; to a; for some 1 <i < N,
and each complement goes from a; to b;, for some 1 <4 < N. Parametrize v = (7(t)):g[o,¢()] SO that
bp = by = v(0), b; = v(m), with 79 = 0 and 7 = ¢(7), and a; = y(0;). We get a decomposition of
[0, £(7)] into 2N intervals corresponding to N large excursions (74, 0;41) for i =0,..., N —1, and their
N complements (o, 7;) fori=1,...,N.

Step 2.b. Elementary observations on excursions. As in [GST23], let us do the following elemen-
tary but crucial observations.

1. By definition of P(K, Kr,a, T, T + S), as £(v) € [T, T + 5],

N
(yNK) < Z Ti —0;) <Ll(YNKg) <al(y) <aTl +aS.

2. For 1 < i < N, y([ri—1,04]) lies outside K, except at points vy(7;—1) and ~(o;) which belong
to OK. Moreover, by the right hand side in , each large excursion spends a time at least
% inside K \ K, where b is the constant in . Thus, since there are N large excursions,

we get {(yN (K \ K)) > 2RN By definition, as v € P(K,Kr,a,T,T + S), we know that

U(yNK§) > (1 —a)T. Thus, we deduce that
2R c C
(1—a)T+7Ngﬁ(ymKR)+f(ym(KR\K))zé(ymK)§€(7)§T+S. (20)

Set
U="0rr=—7T.

From , we get N < M Moreover, when T > g, then b(O‘QT];rS) < D, so that

N<D.

Weset to =19 =0and fori=1,...,N, t; = |7;] and s; = |oy].

3. iNhen T> max(s, I;f) we get ¥ > S > S and by point 2 © > N . Therefore, by points |1| and
we have

Ti—0;)+ N<aT+aS+N<aT+20.

||Mz

N
Zt —s
i=1

4. For T > max(g, %), we deduce from point [2| that

N N
Z i —tic1 gz i—Tic1) +N<T+S5+N<T+20.

5. As 7n = {(v), we have
T—-1<iy<T+5.

Step 2.c. Construction of a map from periodic orbits to a set of excursions. We first define our
set of excursions. Let £ be defined as
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v N
U U U [ Exn @iz ti — si = 1, — si +1,6)

N=1 (tl’“':tN)ENN (ji)ﬁile{lwwM}N i=1
(515,57 )ENN )N e{1,.,M}N
[tn—T|<S+1

0<s1<t1<52< - <sN<t N
KC
x B (xliaxji+17n7 S _ti—l - ]-78i _ti—l +175)

where each Fr, (zj,, 2,0, ti —si — 1,t; —s; +1,0) is a E(xj,,z,,m,ti — si — 1, — s; + 1,0)-set of
chords contained in K of maximal cardinality, i.e.,

#EKR (xji,l'li,n,ti — 8; — 1,ti —S; + 1,(5) :NC,KR (xji,xli,ti —8; — 1,752' —S; + 1,5) ,

while each EX* (a;ll.,a:jiﬂ )Ny S —tic1 — 1,8 —ti—1 + 1, 5) isa EKC(.%'lZ., Tjip1s M5 Si— tiii—1,8;,—t;-1+
1,0)-set of maximal cardinality, i.e.

#EKC (zlme‘ijnv S; — tifl — 1,5@ — tifl + 1,5) = ./\/’CKc ($li7$ji+1’77> S; — tl'fl — 1,SZ' — t@;l + 1,5) .

We construct f : P(K, Kr, o, T, T+S) — £ as follows. With the above decomposition, we associate
to the orbit v with an arbitrary choice of origin such that v(0) € 9K the following family of 2N chords:
the N chords of respective lengths 7, — 0; € [t; —s; — 1,t; — s; + 1] from a; € 0K to b; € K and
the N chords of respective lengths o; — 75,1 € [s; — t;—1 — 1,8, — t;—1 + 1] from b; to a; 41 outside K.
Each a; belongs to some ball B(x;,,7), while each b; belongs to some ball B(x;,,n). In particular, each
v([o4, 7)) defines a point in Ex,, (zj,,x,,n,ti — si — 1,t; — s; + 1,5), while each v([7;, 0i41]) defines a
point in EX® (2, 2;,,,,n,8 —tic1 — 1,8 — ti1 +1,6). Note that, if R > 3b/2, for every 1 <i < N,
we have s; —t;_1 > 0; — 7,1 — 1 > 1. This shows that the image of f is indeed contained in £.

Step 2.d. The map f is almost injective.

For every 79 € P(K, Kg,a,T, T + S), we need to bound the cardinality of f~1(f(70))-

Assume that 7,7 are in f~1(f(7)), i.e. they are orbits in P(K, Kr,a,T,T + S) such that f(y) =
f(¥). By definition of f, these orbits lead to the same 2N-tuple of integers (s1,t1,...,sn,tN), and
the same 2N-tuple of balls B(z;,,n) and B(z;,,n), and the same 2N tuple of chords.

We will need refined informations. Therefore, we partition f~!(vp) accordingly to the precise length
of v and to the precise length of the chords. In other words, we assume that |[¢(y) —£(¥)| < 7o, where
7_'() is given by Lemma Denote by (Ui)izl,...,N7 (Tz’)i:O,...,N—h resp. (51‘)1‘:17_._7]\], (ﬁ‘)i:(),...,N—ly the
lengths of chords in the construction of f(y) (resp. f(7)). We also assume that for every 1 <i < N,
we have |o; — 7| < % and for every 0 < ¢ < N — 1, we have |1; — 73| < %, where b is the constant in
Recall that g = 79 = 0.

We will show that for every s € [0,7], d((s),5(s)) < & Thanks to lemma we will deduce
the desired result v = 5. To do so, we divide [0, 7] into sub-intervals where we control the distance
between v and 4. For i =1,..., N, set

S; = [0, 7] N[04, 7] = [max(0y, 7;), min (7, 7;)]
and for i =0,...,N — 1, set
B; = [1i,0i41) N [T, Ti1] = [max (7, 7;), min(oi41, 5it1)]-
As every large excursion has length 7; — o; (resp 7; — 7; at least 2R/b, for R > 6/2, we know that

B; # ). Nonetheless, S; may be empty if 0; <7, < 0; < 7; or 0; < 7; < 0; < 7;. In this case, we have
max(7;, 7;) — min(o;, ;) < 2%. Let (Rj);cs be the connected components of

N N—-1
=1 =0

o1



By construction, R; can be of the following forms

R; = (min(7;, %), max(7;, 7))
R; = (min(o;,5;), max(04,0;))

R; = (min(o;,0;), max(7;, 7;))

and the last case can only happen if S; = (). We then always have Leb(Rj) < 2% <1.
Let s € [0,T], then

« if s€S;, as f(y) = f(7), the points v(0;) and 7(5;) belong to the same ball B(xj,,n) and lead
to the same chord, so that d(y(s),7(s)) < 20+ blo; — ;| <35 <&
o if s € B;, by the same argument, we have d(v(s),5(s)) <25 + b7, — 73| <30 <&

e ifs e Ry = (1), asrf —r; <1, wehave d(y(s),7(s)) < lip() (1(r} ), 3 ) < lip()30 < =.

By Lemma we conclude that v = 4. Therefore, we proved that f(v) = f(v/), |[¢(y) —
) < 7o, |oi — 04| < % and |1, — 7| < % for every i implies v = 4/. As two elements v and 4’ in
P(K,Kr,a, T, T+S) with f(v) = f(v') are such that [¢(y)—£(y)] < S, |o; — 03| < 2and |5, — 73| < 2

‘ , s (2\*Y el
or all 4, we have at most | 2 (7) elements in f~'(f(v)). We deduce that

20
#P(K,Kp,o,T,T + S) < F (2;’) w s

70

Step 3. Bound on #£.
Step 3.a. Bound on the number of chords. By the initial choice of 1, and by , for every
xj,x; there exists Tj; > 0 such that for every T' > T} ; we have

NE (g, 21,0, T.T +2,6) < P& @+
Let Tiax = max;; Tj; +1 > 0. Note that Tiax does not depend on a.

Choose R > max (TmT‘”‘b, Ruin, 0/2, 3b/2>, where Ry, is given by Propositionapplied with K, 6.

Since the length of every large excursion satisfies s; —t;_1 > % for every 7, we have s; —t;_1—1 > Thax
for every i = 1,..., N. Thus, for every j,l =1,..., M, we obtain

NE (@, 2j,m, 8 — ticg — 1,8 — ti1 +1,8) < elhe (F)siztion),

Let
1
h = limsupflog#{’y € Pr(T, T+ S),y C Kp+1} < o0,

T—o0

where we use Lemma to guarantee that h is finite. By the same argument as used in the proof of
Theorem the above limsup does not depend on S. Therefore, with S = 37k, we also have

1
h = lim sup T log (T + 37x)#{v € Px(T, T +37K),7 C Kry1}) < 0.
T—o0

Thus there exists D’ > 0 such that for every T' > 0
(T + 375 )#{y € Pr(T, T +37K),7 C Kpy1} < D'l (21)
By Proposition there exists D > 0 and ¢ > 0 such that when ¢; — s; is large enough

NC,KR(xjmxlianuti —Si — ]-71:1 —8; + 175) SNC,KR(xji)xli)Thti — S — 17tl — S — 1+ 3TK75)
SD(ti -8 +0o +3TK)
#{’y € 'PK(ti — 8 +0,8; +0’+3TK),"}/ C KR—H}
<DD'elti=sito)(hte)
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Up to increasing D, we may assume that the second inequality is also satisfied for small ¢; — s; Then
we obtain, for all ¢; — s;

Ne g (@m0t — si— 1t — 8+ 1,8) < DD'ellimsito)ite) < p eltimsi)ibe),

Step 3.b. Bound on #&. From the previous step and by points [3] and [4] in Step 2.b, we have

N

# HEKR(xjiuxlmnvti - Si — ]-atl -8+ 176) X EKC(:Cl“:CjiJrl,’r], 8; —ti1 — 1782' —ti—1+ 175)
=1

Therefore #& is bounded by

1

> > M?*N DY exp (hgc(go)(T +20) + h(aT +20) + e(T(1 + @) + 419)) .
N=1 (tl,...,tN)GNN

(81,...,SN)€NN

[tn—T|<S+1

0<51<t1<852< - <sN<tN

As in [GST23, Lemma 5.5], the number of terms in the second sum in the previous equation is
bounded from above by the number of ordered integer decompositions of T'+ S + 1 of length 2N, ie
(TZ‘?VH). As N < v (assoon as T > S/a) and 1+ S < ¥ (as soon as T' > R(S + 1)/ba) we have

T+S+1 < T+7v
2N —\ 2N )

4E < (M2Dy)D (T; ﬁ) exp (W () (T + 20) + h(aT +20) + £(T(1 + ) + 49)) |

Therefore we obtain

Step 4. Conclusion. From the previous step (recall that 7 = baT/R), we obtain

1 . b b b
limsup — log #P(K, Kp, o, T, T + §) <hE° () (1 + 20‘) +h <a + 2“) te (1 +ta+ 4“)

b b
+ EO[ [log(M2D1) + 2log (5)]

i 1 T+0
1m sup — 10 .
P TGl W WY

1 c b
limsupflog#P(K, Kg,a, T, T+ S) < h(l}( (p) <1 +2]§> +e+¢Y(a),

T—o00

We then get

with

b 2b 1 T 19
w(a):ah+a€+]g{4€+2h+log(M2D1)+210g<5)}+limsupTlog<< +V>>.

T—o0 20

1 T+ « e(14+0%)

—1 < 2b—1 —_ RJ

rou (")) < v ()
T+i

so lim supp_, % log (( 9 )) converges to 0 as o — 0. This, together with the fact that h is finite,
proves that 1 converges to 0 as a — 0. O

As () < (%)k, we have
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6 Subadditivity properties

In Section we construct the probability measure mmpy,y that is the candidate to satisfy the con-
clusion of Theorem The existence of such a measure is implied by the hgy-strongly positive
recurrent hypothesis (see Definition [1.11)) : h&,.(¢) < hcur(¢). The SPR assumption is a sufficient
but a priori not necessary condition for the existence of such a measure.

We go on with subadditivity statements, Propositions and that will be crucial in the proof
of Theorem [I.1I} Proposition [6.4] does not require either the construction of the measure nor the SPR
assumption A&, (¢) < hgur(p), and could have been proven in Section 3| However, both statements
are more relevant together: this is the reason why it is stated and proven here. Proposition [6.5] is
much more subtle, and requires the existence of the measure my.x. The end of the section is devoted
to the proof of Proposition [6.5

6.1 Construction of the measures m., and m,,,, through periodic measures

For every periodic orbit v = ((¢¢(2))ter, T') € Per(yy), let 1y be the p-invariant probability measure
obtained by push-forward of the normalized Lebesgue-measure of the circle.

Assume that the H-flow ¢ is hgu-strongly positively recurrent, ie., A&, (¢) < hgu(p). By
Definition for every small a > 0, we can find a large compact set Ky, and € > 0 small enough so
that )

lim sup I log # Pk, (L, L + 57k,) — hur(0)| < .

L—oo

By Theorem we have that
.1
hcur(¢) = lim —log #Pk,(L, L + 57k,) .
L—oo L

By Definition choose 0 < o < hgur(¢) — h&,(¢). It follows that

1
lim sup 7 log #Pj (L, L +57r,) < h&u(e)+a

L—oo

< hGur(QO)
1
= Lh_r}go 7 log #Pr, (L, L + 57k,) .

We get a strict inequality

1 1
limsup - log #{7 € Pr, (L, L + 57x, ), ((y N Ko) < el(y)} < lim —log#Prq (L, L+ 57x,) . (22)
L—o0 [e'¢)

Let
) L 3 (23)
MK, L = e
" #PR (L L+ 57, YEPsy (L L+57ic) !

be the invariant probability measure supported on the periodic orbits of Px, (L, L + 57k, ).

A sequence (i )nen of finite Borel measures on M converges to ps in the vague topology if, for
every continuous map f: M — R with compact support, one has [ fdu, — [ fdu, as n — +oo.
Recall that the set M=1(y) of p-invariant measures u such that (M) < 1 is compact for the vague
topology. Indeed, let (uy)n be a sequence(M,d) such that p, (M) < 1. As M is a locally compact
metric space, there exists a countable family of functions (g )ren that are dense in the set C.(M) of
continuous functions with compact support. Denote by || the maximum over M of the function
k. By compactness of [—1,1], one can find, for every fixed k € N, using a recursive definition, a
strictly increasing map v¢y: N — N such that, considering the subsequence (11 0 ¥3 o ... 1x(n))nen,
the quantity [, ﬁ Ay opmo..apy (n) CONVErges to some limit denoted by I H?;—Z” dits- By Cantor’s
diagonal argument, defining ¥)(n) := 1 0thy0- - -01h,(n), we get a subsequence (i1 (n))nen such that for
every k € N, [,, H‘g—:” ditypmy = S Heﬁizll diis. By a standard density argument, for every ¢ € C.(M),
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we show that [, ﬁ dpvy(ny 1s a Cauchy sequence, and therefore converges towards a limit, denoted
by [y m diio. Thus, for every ¢ € C.(M), we obtain that

If every p, is ¢-invariant, then the limit po of the converging subsequence will be p-invariant. More-
over, we can check that jioo (M) < 1. Therefore, (mg,, 1) L>0 has at least one accumulation point, and
all its accumulation points are p-invariant and of mass at most 1.

Proposition 6.1. Let ¢ : M — M be a H-flow being hgur-strongly positive recurrent. Then for every
compact set Ko big enough, any accumulation point me, of the family (mg,.1)r>0 when L — 400 is
a nonzero finite invariant measure.

Proof. Fix a compact set Ky and € > 0 such that is satisfied. That is

lim sup — log #Pi (L, L + 57k,) < hm — log #Pro(L, L+ 57k,) .

L—oo

Let L, — oo be a sequence such that (mg, 1, )n converges to ms in the vague topology. Let us show
that

liminf mg, ,(Ko) > €
L—oo ’

Split Pk, (L, L + 57k,) into
PIUL, L+ 57i) = {7 € Pro (L, L+ 57, ), £y N Ko) > (7))

and
PRUL, L+ 57k,) = Pro(L, L+ 57k,) \ PI(L, L+ 57k,) = P, (L, L+ 57x,) -
. . 1 #Phed(L, L+57K,)
Inequality ensures that limsup;_, ., T log <M < 0, so that

i #PYed(L, L+ 57k,)
1m =
L—+oo #Pk, (L, L+ 57k,)

(24)

We deduce easily that

1 3 £y N Ko) 3 (v N Ko)

Mo, (Ko) #Pro(L, L+ 571y

YEPFEN (L, L+57x,)
#Pgood(L, L+ 57x,)
5 ;
- #PKO(L,L + 57‘](0)

thus, we obtain

>
B oo (Fo) 2 €

For every continuous map with compact support ¢ > 1k, , by definition of vague convergence, we get
[ pdmes = limy, o [ pdmp, 1, > liminf, oo mg, ., (Ko) > €. Choosing a decreasing sequence ¢y,
of such maps, with limy_, ¢ = 1k,, and using the decreasing version of the monotone convergence
theorem we obtain me(K) = lim [ prdme, > €. The proposition follows. O

Notation 6.2 (Measures). From now, we denote by my, an arbitrary fixed accumulation point of the
family (mg, 1)r>0, and by mmax the invariant probability measure obtained by renormalizing mq.

Remark 6.3. The hgy,-strongly positive recurrent assumption A&, (¢) < hgur(p) is natural, and
leads to many natural examples, as shown in [ST21l[GST23] in the case of geodesic flows, or in [FSV25].
Moreover, it is stable under perturbations on compact sets.
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6.2 The subadditivity statements

We will need rigorous versions of the following heuristic statements.

First, given two chords of respective lengths Ty and 77, we can concatenate them, and use the
closing lemma to get a periodic orbit of length roughly 7Ty + 77. This process is essentially injective:
we obtain a lower bound on the number of periodic orbits of length Ty + 73 in terms of the number of
chords of lengths Ty and 77. This lower bound is clearly still valid when we add a linear term Ty + 1}
on the right. This is properly stated in Proposition

Second, we wish to say that a periodic orbit of length T+ 77 can be divided in two pieces of orbits
of respective lengths T and 17, and therefore, bound the number of periodic orbits of length Ty + T3
in terms of the numbers of chords of lengths Ty and 77, respectively. This is much more subtle, for two
deep reasons. First, due to the lack of compactness, there is absolutely no reason that an arbitrary
periodic orbit return in a compact set at the time Ty. The measure constructed in definition [6.2)
in section [6.1] will be crucial in the argument, and allow us to say that “most”, or more precisely a
positive proportion, of periodic orbits of length Ty + 77 come back to K. The second difficulty is that
we need a strong subadditivity, with a linear term on the left : Ty + 77 times the number of periodic
orbits of length Ty + 17 should be smaller than the number of chords of length 7Ty times the number
of chords of length 77. This requires precise statements on the number of returns of a typical periodic
orbits, see Lemmas [6.7] and [6.8] and Proposition [6.5

Proposition 6.4 (Easy subadditivity). Let ¢: M — M be a H-flow. Let Ky be a compact set with
nonempty interior. For every compact set K O Ky, every 0 < d < 1 and every 0 < n < 1, there exist
Tin > 0, S1 > 0 and Dy > 0 such that for every S > S1, all xo,y0,20 in K, and all Ty, Th > Tiin,
we have :

NC(IEanOﬂ%TﬂaTO + 57—K075) XNC(y07307777T17T1 + 57—K0a5) <
Dy x (T0+T1+S) X #PKO(T(]+T1+S,T0+T1+S+5TKO).

The following proposition is more difficult. It is stated under the assumption of existence of a
nonzero measure Mpax as in definition [6.2l This assumption is satisfied as soon as the flow is gy
strongly positive recurrent, i.e., h,,(¢) < hgur (), by Proposition

Proposition 6.5 (Hard subadditivity). Let ¢: M — M be a H-flow that is hgu-strongly positive
recurrent. Let Ky be a compact set with nonempty interior that satisfies inequality . Let L, = +o0
be a sequence such that the sequence of measures (m, 1, )n converges in the vague topology to a non

zero measure Mqs. Let K be a compact subset such that IO( D Ky and moo(fo() > %moo(M). There
exists €1 > 0 such that, for all0 <n < 4§ < %1 there exist constants So > 0 and Do > 0 such that for
every T' > b1y, , there exists kg € N, such that for every integer n > ko, for all quadruples of points
x0, Yo, r1 and y1 in K, and every S > Sy, we have

L, x #PKO(Lan'i‘E)TKO) <Dgy x Nc(xo,yo,n,T—l-S,T-i-S+5TK0,5)
XNC(xhylan)Ln_T—i_SuLn_T+S+5TK075)'

Remark 6.6. We could have considered periodic orbits of periods Typ and 77, and stated a variant of
the above propositions involving respectively #Pr, (1o, To + 57k, ) and #Pr, (11, T1 + 57k, ) instead of
the numbers of chords on the left side of the inequality of Proposition , and Pr, (To+S, To+S+57k, ),
Pro(Ly —To + S, Ly, — To + S + 57k, ) on the right side of the inequality of Proposition

6.3 Proof of Proposition [6.4

Step 1. Choice of appropriate parameters and notations.

Let K, Ky, § and 7 be as in the statement of the Proposition. Let K; = B(K,1). The proof
will follow from the application of Lemma with parameters Ko C K, with v = 7x,/2, 6/4 and
N = 2. This lemma gives constants ¢ > 0 and Ty, > 0. Set S1 = 20 + 107x,. Let zo, yo and 2o
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be in K. Let Tp,T1 > Tiin. Let Ep and Ej be respectively a E(zo, yo,n, To, 1o + 5Tk,,d)-set and a
E(yo, 20,1, T1,T1 + 57k,, 0)-set of maximal cardinality. In particular

#Ey = Ne(zo,v0,m, To, To + 57Ky, 0) and  #Ey = Ne(yo, 20,1, Th, Th + 57k, 9) -

Throughout the proof, we will see the elements in Fy and E; as points in B(xg,n) and B(yo,n) or
chords with their initial points in B(xg,n) and B(yo,n). In particular, the initial and final points of
every chord is in K7, since n < 1.

Step 2. Construction of a map f from chords to periodic orbits.

As Ty > Tyin and T > Tmm, for every palr of chords By € Ep and 81 € Ey with lengths £(5y) > Tp
and ¢(f81) > Ty, and every S > o, Lemma [2.16| provides a periodic orbit v with length in

[“%)+“m>+29—nﬁ— °,0(50) + 81) + 25 + 7, + 2|

TK,
27 2

that intersects the interior of Ky. Recall that, since Ky C K, we have 7x, < 7x,. Thus, the periodic
orbit v has length in

080) + £61) + 28 = Sy, 50) + £081) + 28+ S|
In particular, for
A~ 1 3
§=5 (5 @ - Bo)) + (@ - £5) + 7,

(notice that S > o as S > S = 20 + 107, To — £(Bo) > —57x, and T — €(B1) > —57k,) we have

~ 3
To+T1 4+ S < U(Po) + €(B1) +25 — 3 TKo

and
0(Bo) + £(B1) + 25 + TKO <To+Ti+S+ 57k, .

Then v € pKO(TO +T1+ S, To+T1+S+ 57‘[(0).
Thus for every S > S7, the above construction defines a map

f:Ey XE1—)PKO(TQ+T1+S,T0+T1+S+5TKO).

Observe that the above construction gives a parametrization of v with an origin sg. More precisely,
by Lemma there exists s € R and 7 € [S — 7x,, S + Tk, | such that,

o forall s € [0,4(50)], we have d(v(so + s), ¢s(B0)) < %,
e for all s € [0,4(81)], we have d(v(so + s + £(Bo) + 7), @s(B1)) < L.

Step 3. Bound on f~1(v).

Consider Sy, 5 € Ey, 81,1 € E1 such that (8o, 51) # (B0, 1) and f(Bo, B1) = f(5), B1) = 7. Let
sp (resp. s() be the origin of v from the construction v = f(Bo, 81) (resp. v = f(5),01)). Assume
as a first case that Sy # (. Since they belong to a E(zo,v0,7,To, To + 57K, 0)-set, there exist
0 <u<Ty<min(¢(By),¢(B1)), such that

d(@u(ﬁﬂ)? @u(ﬁ(l))) > 1)

However, by construction, ~ satisfies

d(y(so +u),pu(Bo)) < 0/4 and  d(v(sp+u), eu(Bp)) < 0/4.

Therefore
d(y(s0 4 u), (s +u)) > 6/2.
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As the flow satisfies , we have
d(y(so +u),v(sp +u)) < blsg — sl ,

so that
s — so| > 0
T
As the length of v is at most Ty + 11 + S + 57k,, it follows that

#0055, 80, 7 (8, 61) = F(Bo, 1) and 5§ # o} < (To+Ts + +5720,) x -

Assume now that Sy = f and 81 # ;. The construction of the periodic orbit y gives us two constants
7and 7/ in [S — 7k, S + 7k, ] and [S' — 7k,, S 4 TK,]. Observe that, as |5 — 5’| = HeBr) — 0By <
5Tk, /2, we have |7/ — 7| < 57k, .
Assume that |7/ — 7| < %. Since E is a E(yo, z0,m, 11,11 + 5Tk,, 0)-set, there exists 0 < u < T}
such that
d(@u(ﬁl)? @u(ﬂi)) > J.

Arguing as in the first case, we obtain that

)
d(y(s0 4+ £(Bo) + 7 4 u), v(so + £(Bo) + 7' 4+ u)) > 2
and so, using , we get
/ 4 , g
A(r(s0 -+ £(Bo) +7+u), 4 (s + £(Bo) + 7+ u) 2 5 — bl — 7> .
Using again , we deduce that
0
/
_ >
s — So| > 0
We then conclude that
/ / / / / 4b 4b
#{(60751)7]0(60’61) = f(BO?Bl) and ﬁl 7& Bl} S (TO + Tl + S + 5TK0) X ? X 57—K0 X ?
Thus
. 2b 4b\ 2
#I ) < (To+Th+ S +57k) ¥ | = +570 () |-
By choosing D; > 0 such that
20 4b\ 2
(T0+T1+S+5TKO)X 5+5TK0<5> SDl(To—FTl—I-S),

this concludes the proof of Proposition

6.4 Proof of Proposition [6.5
6.4.1 Strategy of the proof

As usual, we want to construct an almost injective map, specifically a map from periodic orbits of
period L,, intersecting Ky to chords of length (almost) 7" and endpoints g, yp and chords of length
(almost) L, — T and endpoints z1, y;.

For every periodic orbit of length L that intersects Ky, the naive idea is to consider a piece of
orbit of length T starting and ending in Ky and to cut the periodic orbit at the beginning and the
end of this piece of orbit. We then obtain two arcs, one of length T" and one of length L — T'. Using
transitivity and the shadowing property, we obtain arcs from zg to y¢ and from z; to y;.

Unfortunately, there is no guarantee that such arcs exist. The difficulty of the proof consists in
finding enough periodic orbits on which enough points of Ky return to Ky after a time 7. To find
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these arcs, we will choose a compact set K D Ky with large measure mpax(K) > 3/4 so that for every
T > 0, Mpax(K Np_7(K)) > 1/2. Set A = KNe_7p(K). We want to find enough intersections
between A and Pk, (L, L + 57x,).

As moo(A) > 0, for L large enough, a positive proportion of periodic orbits in Pk, (L, L + 57x,)
spend a positive proportion of their time in A. This is proved in Lemma [6.7]

In Lemma we prove that if py(A) > o’ > 0 then we control the number of points in A for
some appropriate discretization of v of length Tj.

Lemmas and give us Proposition where we prove that there are indeed enough periodic
orbits with enough point in K.

6.4.2 How often a typical periodic orbit comes back

The existence of a nonzero measure mmyax leads to the first important lemma.

Lemma 6.7. Let o: M — M be a flow. Let Ko be a compact set with nonempty interior. Let A be a
Borel set, L > 0 and o > 0 such that mg, (A) > o > 0. For every 0 < o’ < o, we have

a—ao
1—o

Proof. Let n = #{v € Pr,(L,L + 57k,), o (A) < &'}. Then

# {7 € Pro(L, L+ 57k,) : py(A4) >a'} > X #Pk,(L,L+ 57k,) .

a'n+ #Pk,(L,L+57k,) —n
0<a< A) < n 2
@= mKO’L( ) o #73](0 (L, L+ 57‘](0)

Therefore
a# Pk, (L, L +57k,) < #Pko(L, L +57x,) — (1 — ')n.

so that n < 1=% 4P (L, L + 57k, ). The result follows. O
0 0

1—a’

Lemma 6.8. Let o: M — M be a flow. Let Ky be a compact set with nonempty interior. Let A be a
Borel set and o/ > 0. For all L > Ty > 57k, > 0, for every periodic orbit v € Px,(L, L + 5Tk,) such
that py(A) > o, for any parametrization v : [0,£(y)] — M of v there exists a real number s € [0, Tp|

such that
#licfo|z|-tfoermyea = ||| -3

Proof. Set k = [T%J and k' =

py(A) > o, we have £(yN A)

J — 3. Set L = KTy + r with 0 < r < Tj. By assumption, since
). As L < {(v) < L + 57k, we deduce that

L
|
a'l(y
Leb ({u € [0, KTy, v(u) € A}) > &l(y) —r — 51, > 'kTo — Ty — 57k, -
For every s € [0,Tp], let J(s) ={0<i< {TLOJ —1,v(s+1iTp) € A}. Suppose that for every s € [0, To],
#J(s) <, for some integer 0 <1 < k.

We now prove that

Leb ({u € [0, kTo],v(u) € A}) <ITp. (25)
Write u = s + iTp, with s € [0,7p] and 0 < i < k — 1. We have

k—1
{u € [0,kTp],v(u) € A} = |_| {s+iTo,s € [0,Tp],v(s +1iTp) € A}
=0

= || ({s€l0,Tp],J(s) = J} + JTp) -
JeP({0, ,k—1})

As, for all J € P({0,--- ,k —1}), we have

Leb ({s € [0,Tp], J(s) = J} + JTp) = #J x Leb ({s € [0,To], J(s) = J}) ,
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as the subsets {s € [0,Tp],J(s) = J} form a measurable partition of [0,7p] and as #J(s) < [, the

inequality follows.
Therefore, o/ kTy — Ty — 57k, < ITp, and, since 57, < Tp, we have [ > o’k — 2. For k' = |o/k] — 3,
we have k' < o'k — 2. Therefore, J(s) is not bounded by &’ for all s and there exists s € R such that

#{i€{0,....k—1}, v(s+iTp) € A} > K .
0
In Subsection we have defined P, (L, L + 57k, ) as the set of periodic orbits ((¢¢(x))ier, T),
where (z,T) is a periodic point (that is pr(z) = x). Let Py (L, L + 57x,) be the set of primitive
periodic orbits in Pg,(L, L + 57k,), i.e., the set of periodic orbits ((¢¢(x))ier,T"), where (z,T) is a

periodic point and ¢ (z) # x for every ¢t € (0,T). The following statement will follow from the fact
that:

e almost all periodic orbits are simple;

o if mg, (A) > «, then a positive proportion of periodic orbits y satisfy p,(A) > o (Lemma [6.7));

o if y1,(A) > ¢/, then there exists an appropriate discretization of v with step Ty having a positive
proportion of points in A (Lemma .

Proposition 6.9. Let o: M — M be a H-flow such that hgu () > 0. Let Ky be a compact set with
nonempty interior. Let A be a Borel set, 0 < o’ < a and L > 0 such that mg, ,(A) > a > 0. There
exists N > 0 such that for all L > Ty > 51g,, with TLO > N, we have

'L
#{7 € Py (L, L+ 571, 3s € [0, 1], #{i € {0, [L/Tp] = 1}, 7(s +iTp) € A} > O;To}

a—ao

> 0.99
= X 1

o X #PKO(L,L+5TK0).

Proof. Choose N large enough so that, for TLO > N, we have k' = {o/ lTLOH —-3> %/T% First, observe
that a non primitive periodic orbit v is a multiple of a primitive periodic one, that has length at
most £(y)/2. It follows that the number of non-simple periodic orbits in Pk, (L, L 4 57k, ) is bounded

above by Pk, (L+ZTKO ) By Corollary |3.11| (whose hypothesis are satisfied because ¢ is a H-flow with

hcur () > 0), it follows that

) #Pi, (L, L+ 57k,

im =

L—+oo #Pky(L, L + 57Tk,)

Up to choose a bigger N, we can assume that, if L > NT, > N 57, we have

Pl (L, L+5 o
PPi L LTI g 01 5 222
#PKO(LJ L + 5TK0) 1—do
Let ny(s) = #{i € {0,...,|L/To| — 1},~(s + iTp) € A}. Now, by lemmas and we have the

inequalities

|

/
# {'y € Pk, (L, L+ 57k,),3s € R,ny(s) > % } >#{v € Py, (L, L +57k,),Is € R,n,(s) > k'}

(
Z# {7 € ,P}(O(LvL + 57—K0)7 u’Y(A) > O/}
># {'7 € Pro(L, L + 57k,), M'Y(A) 2 O/}

/

(6
;X #'PKO(L, L+ 57}(0)

g

0

o
—0.01
1

a—ao

>
1— o

X #Pr,(L, L+ 5TK,)

/

a
- X #Pk, (L, L+ 57k,)

«
—0.01
00><17

/

~0.99 x (f x #Pr, (L, L+ 57x,) .

_a/
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6.4.3 Proof of Proposition [6.5

Recall that ms, is the limit, in the vague topology, of a sequence (mgy, 1., )nen When L, — oo, and
Mmax 1S the probability measure obtained by renormalization of M.

o
Step 1. Setting the parameters. Choose some large compact set K such that K D Ky and
[¢]

Mmax(K) > 3/4. In particular, for every T' > 0, we obtain that mmax(K N e_7r(K)) > 1/2. Fix
T > 57k, Let A= KnNp_r(K). Let a = m%(m > 0. In particular, there exists kg such that for all
n > ko, we have mg, r,,(A) > a. Choose 0 < &/ < a. Lemma applied with ¥ =1 and 71 = 57k,
provides us with constants 7y and 1 which will be used below. Fix 1 and § such that 0 < n < § < £1/4.
Fix TO = 67'[(0.

The finite exact shadowing, i.e., Proposition applied with the compact set B(K, 1), with 6 = I
and N = 3, gives us a constant 0 < p < Z. The uniform transitivity, i.e., Lemma applied with
the compact set K and with § = p, provides a constant o > 0. Let Sy = 20 + 27 + 107x,. Fix some
S > S,.

Let xo, Yo, z1,y1 be four arbitrary points in K. Let Ey be a E(xo,y0,17,T + S, T + S+ 57k,,0)-set
of maximal cardinality and E; be a E(x1,y1,m, L, — T + S,L,, — T + S + 57g,,0)-set of maximal
cardinality. In particular, we have

#FEy = No(zo,yo0,m, T+S, T+S+57k,,0) and #FE; = Ne(x1,y1,1, Ln—T+S, L,—T+S+57k,,0) .

Step 2. Some preliminary estimates on the number of cutting points.
Denote by Pk, (Ly) the set

/
{3 € Pl (Lns L 570) 35 € [0.T0) #{i € 0 LL/To) = Wor(s+ i) € A = G
0

From Proposition since mg, 1,,(A) > a > 0, we know that

a—a

# Py, (L) > 0.99 x —

X #PKO(Ln, L, + 57‘K0) .

Without loss of generality, until the end of the proof, we reparametrize each v € 75K0(Ln) so that

s = 0. Let D, be the set of times of the form T}, such that v(i7p) € A. By the definition of Py (L),

we have ,

o L, o
D, > — X == L.
#Dy 2 5 X T o <
Therefore
a—ao o/
# || {v}xDy,>099x o X 1o Ly X #Pky(Ly, Ly + 57K,) - (26)
0

¥€Piy (Ln)

Step 3. A map F from periodic orbits to chords.

The intuitive idea is the following. For each point v(iTp) € A, as A = K Np_p(K), we know that
or(v(iTh)) € K. Cutting the orbit v at these two points we get two chords of respective lengths T
and {(y) —T € [Ly, — T, L, — T + 57k,]. Using transitivity, we add some small arcs to obtain chords
from xg to yo and from z; to yi.

Let v € ﬁKO(Ln) and i € D,. Using transitivity and finite exact shadowing, we can build a chord
B° with length £(8°) € [T +S,T + S + 47k] that goes from B(zg,n) at time 0, to B(v(iTp),n/2) at
time 5, € [g, % + 27x], then follows exactly v at a distance at most 7/2 during a time 7', and then
goes from B(y(iTo+T),n/2) to B(yo,n) at time £(3%). For the remaining part of the proof, we denote
by 520 the restriction of 8° to the interval [0,%,,], Bg the restriction of 50 to the interval [ty,,ts, + T,
and 680 the restriction of 8% to the interval [t,, + T, £(8")].

Similarly, we get a chord 3! from B(z1,7) to B(y1,n) of length £(8') € [L,—~T+S, L,—T+S+47k]
that goes from B(z1,n) at time 0, to B(y(i1o +T'),n/2) at some time ¢, € [g, g + 27k], then follows
exactly v at a distance at most 7/2 during a time ¢(vy) — T, and then goes from B(v(iTp),n/2) to
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B(y1,n) at a time ¢(8') € [L, — T+ S,L, — T + S + 47x]. Observe that, in such a construction,
the last part of the chord is obtained from a path built by transitivity whose length depends on the
lengths of the chords of the first part of the construction, similarly to what is done in the proof of
Proposition this enables to have a more precise control on the length of the final chord. As above,
we denote by f;, the restriction of 8 to [0,t,,], 8] the restriction of B to [ts,,ts, + £(7) — T] and
B,, the restriction of 8 to [ty, + £(y) — T,£(8")]. Now, in order to define the image of v by F, we
consider the pair of chords (B, 51) € Eo x Ej that is the closest to the pair (3°, 1).
Therefore, we obtain a map

F:  |J {v}xDy— EyxE.
YEP K (Ln)
Step 4. The map F' is almost injective.

Assume that (v,iTp) and (3,1Tp) lead to the same pair (8o, 81) € Eo X E1, where 7,5 € Pg,(Ly)
and i € D,,i € D;. First, assume that

[€(y) = LV < 70, (27)

where 73 is defined in Step 1.
The above construction associates to (v,iTp) (resp. (7,i7p)) two chords divided in three parts

B0 = (89, 3, 20) anij Bl = (8L, }w 11“) (resp. % = ( go,ﬁ%, 20) and 517: ( ;175%, ;l)) that are
d-close to the chord By, during a time at least 7'+ S, and to the chord (i, during a time at least
L, —T + S, respectively. Assume also that

)

S o

(By,) — LB, |€(By,) — €(5By,)

} <

max {|0(3,) = €(8%,)], [e(S,) — €85, (28)

By construction, for every u € [0,T], we have
d(Bo(€(By,) +u), B2(0(B,) +u)) <6

and
d(B°(0(Byy) + u), Y(iTo + u)) < /2.

Therefore, for every u € [0,T],

d(Bo((83,) +u), ¥(iTo +u)) < & +n/2.

Similarly, for every u € [0, T7,
d(Bo(1(B3,) +u), ¥ (iTo +u)) < 6 +1/2.

As, by ,
<4

9

d(Bo(0(BS,) + ), Bo(E(BS,) +w) < be(B2,) — £(52,)

for every u € [0,T], we get, since n < 6 < &,

d(’}/(iTo + u),ﬁ(iTo + u)) <4d<eq.

On the other part of the orbit, the same reasoning gives for every u € [0, L,, — T

dv(@To + T+ u),7(@To+ T 4+ u)) <46 <ey.

Therefore v and 7 are £1-close on an interval of length L,. Lemma implies that v =~ and i = i
This proves that for every choice of length of ¢(vy) € [Ly, Ly, + 57k,] up to 79 as in , and every
choice respectively of £(89)),£(8,), £(8L,),£(8;,) in (5,5 +27k] up to §/b as in , there is at most

one pair (7y,iTp) leading to (8%, 51). As a consequence, there are at most (fTKOJ + 1) X QQT(? bJ + 1)4

70
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pairs (v, iTy) with v a periodic orbit in 751(0 (Lyn) and iTp € D,, that lead to the pair of chords (Bo, B1).
Therefore

# U {nxpy< (ﬁﬂ - 1) x (LQT(I;Z’J + 1)4 x #Eo x #E. (29)

YE€PK, (Ln)

Step 5. Conclusion.
This allows to conclude the proof of Proposition Indeed, by and ,

1 1—-ao 127,
Ly, x #Pry(Ln, Ly + 57K,) < 0990 o X -~ O x # ~U {v} xD,)
VGPKO(Ln)

L 1-o « 12TH (LSTKOJ —i—l) X (MQTg(bJ —|—1>4 X #Eo X #E

<
~099a— o o T
:D2 X NC($0ay07naT+ S7T+ S+ 5TK0’6)
X No(z1,y1,m, Ln — T+ S, Ly, — T + S + 57k, 0)

1 1—o 127x, 5Tk, 27K b 4
D2_O.99a—o/ AEEPVARES ({ 70 J+1>X<{ 5 J+1) ’

7 The measure maximizes the entropy

with

In this section, K is a compact set with nonempty interior as in section and K D K is a larger

compact set, such that Ky C IO( .

In the first section, we prove uniform estimates on mg, r.(B(z,T,¢)) for z € K. In the second sec-
tion, we take the limit when L — +o00 and obtain uniform estimates on the measure mmax(B(z, T, €)),
for every x € K (for every compact set K C M). In the last section, we finally prove our main
theorem.

7.1 Relation between mg, ; and the number of chords

The heuristics of this section is the following. Recall that the measure mg, 1, is defined in as the
average of the periodic invariant probability measures ., where «y varies over all periodic orbits in
Pr,(L, L + 57k,), i.e., those intersecting Ko, with length in [L, L + 57x]. Given some dynamical ball
B(z,T,¢) for x € M, the measure mg, 1,(B(z,T,¢)) satisfies therefore

1
m B(x,T, e = B(x,T, e
KO;L( ( )) #PKO (L,L + 57_K0) ’YEPKO(LZl/J’_ETKO)M’Y( ( ))

1
Z l(yN B(z,T,¢)).
Lx #Pro(Ln L +57K0) L ep, (T v5me)

12

Now, the heart of the argument is the proof that the last sum is comparable to the number
Ne(pr(x),z,n, L —T,6) of chords from pp(x) to z, so that
1

mico (B T,)) & s gy X Nelpr(w) 2, L= T,6).

The idea of the proof consists in the following remark. Given a chord starting at a point z of
length roughly L — T from a neighbourhood of @7 (z) to a neighbourhood of x, and using the closing
lemma as in Lemma we can build a periodic orbit in Pk, (L, L+ 57 ) following first (ps(z))o<s<T
and afterwards the chord (¢s(2))o<s<r—7, and intersecting B(xz,e,T'). Conversely, given a periodic
orbit v € Pg,(L, L + 57k ) with an origin w € B(x,e,T'), we can cut v at 0 and T', and get a chord
of length roughly L — T from a neighbourhood of ¢r(x) to a neighbourhood of x. The difficulty of
the argument is to show that the above constructions are almost one-to-one, or more precisely, that
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each preimage of the corresponding maps between chords and periodic orbits has bounded cardinality.
The rigorous details corresponding to the above heuristics are provided in Lemmas (lower bound)
and (upper bound). To this purpose, we will need to notice in Lemma that each return of
in B(x,T,e) has a bounded length and in Lemma that these returns are not too close one from
another.

We start with an easy but useful observation. Recall that b is defined in Equation .

Lemma 7.1. For alle >0, T >0, x € M, and y € B(x,5,T), for every 0 < s < &, we have
¢s(y) € B(w,e,T).

Proof. For every s € [0, 5[, and every 7 € [0,7], we have

Apr+5(), 97(2)) < d@ris(y), 9r1) + dlor(v), r(2) < Jslb+ 5 < S+ 5 =2

so that ps(y) € B(z,e,T), as desired. O

In Lemmas and [7.4] given a set C, and a point y € C, we consider the connected component
of 0 in {s € R,ps(y) € C}. It is an interval that we denote by Jo(y) = (JF"(y), J&**(y)). In
Lemma, we prove that for a dynamical ball B(x,e,T), and any y € B(z,e,T), the size of the
interval Jp(, . 1)(y) is bounded.

Lemma 7.2. Let K C M be compact and A > 0. There exist ex A > 0 such that for every 0 < e <
exkn,t €K, T>1andye B(x,e,T), we have

Leb (']B(CC,E,T) (y)) = JBlrer)(y) — E(izrzl,s,T) (y) < Leb (']B(a:,a,l)<y)) <A.

Proof. First note that for all T'> 1, z € M and £ > 0, we have B(x,e,T) C B(z,&,1) and therefore
B, 1) (Y) C IB(ae1)(y). For every x € K, there exists 7o = 7o(x) > 0, 7 = r(z) > 0 and a flow-bow
Q centered at x diffeomorphic to B(0,7) x (=79, 70) (where B(0,7) is a ball of radius r in RIm™(M)-1),
As Q is a neighborhood of z, there exists e(z) such that B(x,e(x),1) C Q. For every 0 < ¢ < g(x)

and every y € B(x,¢,1), we have B(z,¢,1) C B(z,e(z),1) C Q. Therefore, Leb (JB(x,e,l)(y)) < 27.
We may reduce 7y so that 79 < A/2. As K is compact, one can choose 7y and ¢ uniformly in z. This
concludes the proof of the lemma. O

We are now able to prove the first key lemma of this section.

Lemma 7.3. Let Ky be a compact set with nonempty interior as in Section and K D Ky be
a larger compact set. For every § > 0, there exists exs > 0 and Ty, > 1 such that for every
0 < e <egyg, there exist 0 = o 5. > 0 and ni 5. > 0 such that for every 0 < n < ngse, all L,T
such that L > T + T}, and T > T}, and x € K such that pr(z) € K, we have

min n

€ % NC(SOT(»T),%T]’ L-T - OK b5 L-T - OK)e + 57—K0’ 5)

4b L#PKO (L, L+ 57‘K0)

Proof. The heuristics of the proof is the following. Thanks to Lemma we can glue any chord
of length roughly L — T starting close to ¢r(x) and arriving close to x to the orbit (¢¢(z))o<i<r to
get a periodic orbit of length L intersecting B(z,e,T). Doing it with enough care will guarantee that
this intersection point lies inside B(x,e/2,T'), and therefore the orbit spends a time at least o inside
B(xz,e,T). This will allow to get the desired bound. Let us start the rigorous argument.
Step 1. Choice of constants. Choose T} so that for L > T} .., we have WITKO > 5. Fix § > 0.
Then, Lemma applied on K with A = /20 gives us a constant ex 5 > 0.

Fix 0 < € < ex ¢ and set 6’ = min(d/4,¢/2,1). Lemmaapplied with Ko C B(K,1),0 =9 >0,
v =Tk, and N = 2, gives us ng,s5. < 1, 0 > 0 and Tp,;n > 0 such that the following holds. Let

< mg,,L(B(z,e,T)).

OKse = 0 + 3Tk,. First, increase T} ;, so that T}, > Tmin and T); > oks.. Then, for every
0 <1 < nKyse L, T such that L > T + T};, and T" > T};, and any chord z from B(pr(z),n) to

B(x,n) with length ¢(z) such that

L-T—-o0gse <l(z2)<L—-T—-0gse+ 5Tk, ,
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let
S=0kse —Tky+ (L —T —0Kse+ 5Tk, —U(2)) =L —T —U(2) + 27K, > 0;

By Lemma there exists a periodic orbit v with length

Uy)e T +L(z)+S—27k,, T+ £(2) + S+ 27K,| = [L, L + 47k,] C [L, L + 57k,]

that intersects Igo, ¢'-shadows first (p¢(z))o<i<r and then (¢i(2))o<i<e(z)- In particular, v(0) €
B(z,9"). Observe that v € Px, (L, L + 57k,).

Step 2. A first lower bound for mg, .(B(x,e,T)). Denote by J(L + 57k,) the set of intervals
included in [0, L + 57k,]. For each periodic orbit v € Pk, (L, L+ 57k, ), choose a parametrization such
that v(0) ¢ B(xz,¢,T). Denote by O, r(x,e,T') the set of pairs (v, I) € Pk, (L, L+57k,) x T (L+5TK,)
such that for every v € Pk, (L, L + 57k,) (with its parametrization and associated origin), and every
s € I, v(s) € B(x,e,T). Moreover, assume [ is maximal for this property. In a similar way, let

’KO,L(x,s,T) be set of pairs (v, 1) € Ok, 1(z,e,T) such that v(I) N B(x,e/2,T) # 0.

Observe that for L > T . . we have

min>

1
m B(z,e,T)) = B(xz,e, T
K07L< ( )) #PKO (L, L + 5TKO) ’YE,PKO (LZJ/+5TKO) /’L'Y( ( ))

B 1 Z Leb([I)
#PKO (L’ L + 5TKO) (’y,I)EeKo,L(mvaaT) g(’)/)
> >
#Pko(L, L+ 57k,) (1€, 1 (@eT) )
= 2P (L 1L 5 2 Le;L(I)
# KO( ? + TKO) (771)69,}(0YL($753T)
1 e

- o7 X #O) T).
~ #Pr,o(L, L+ 57k,) “ L #Ok,,L(z,€,T)

1

where the second lower bound follows from the inequalities L < ¢(y) < L + 57k, and ﬁ > 57
0

and the third lower bound comes from Lemma, [7.1]
Step 3. Going from chords to periodic orbits. Let E be a E(¢r(z),z,n, L —T —ogse, L —T —
0K e + DTK,,0)-set of maximal cardinality, i.e., so that

#E = Ne(er(x),z,n, L —T —0g5e, L —T — 0k 50 + 5Tk, 0) -

Applying Lemma as described above, we can associate to each z in E a periodic orbit ~ in
Pk, (L, L+57k,). Moreover, we know that the origin so given by the construction is such that y(sg) €
B(x,0',T) C B(z,e/2,T). This point in B(z,e/2,T) gives us an interval J with (v, J) € Ol 1 (z,¢,T)
and therefore a map

0:E — O, 1(2,eT).

Step 4. The map 6 is injective. Assume that two chords zj, zo in F have same image (v, J). For
v we use the parametrization from the definition of O, r(z,e,T). The origins s; and sy associated to
the construction of 6(z1) and 0(z) satisfy s1,so € J and v(s1),7(s2) € B(z,£/2,T). By Lemma[7.2]as
e < ek, we have |J| < §/2b (see Step 1). Therefore |s; — sa| < 6/2b. An elementary computation
gives, for every 0 < s < min(¢(z1),£(22)), where £(z1),¢(z2) denote the length of the chords of z1, 22
respectively,

A(Ps+1+51(21), PstT4s2(22)) S A(Psim45,(21),7(s + T+ 51)) +d(y(s + T + s1), (s + T + s2))
+ d(v(s + T + 82), Ps4T+s,(22))
<8 45/2+8 <5

As E'is a (§,L — T — ok 5.)-separating set, we deduce that z; = 29, so that 6 is injective. Therefore

#E < #G/I(O,L(xag)T)‘
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Conclusion. The above arguments show that

€ 1
B(z,e,T)) > — o) 6T
mKO;L( (x76 )) — 4b X L#PKO(L,L + 57_K0) X # KO,L('/L‘ € )
€ 1

v

— X E

1" L#Pry (L, L + 57rg) 7

£ % NC(‘PT(f’«")aiU;"?,L T~ UK,5,57L T - OKse T 5TK075)
4b L#Pk,(L,L+ 57k,) )

O]

Our next goal is to bound mg, 1 (B(x,e,T)) from above. We will need to bound from above the
total amount of time that a periodic orbit v € Pk, (L, L + 57k, ) spends in B(x,e,T). We know from
Lemma that each interval of time that such an orbit spends in B(z,e,T) has a bounded length.
Lemma is the second technical lemma. It allows to say that, up to increasing slightly B(x,e,T)
to make it more smooth, the distance between two such intervals is bounded from below by a uniform
constant, which allows to bound as desired the total amount of time in B(z,e,T).

Lemma 7.4 (No immediate return). Let K C M be a compact set. There exist Ax >0 and ax >0
such that for every 0 < € < ag, for every x € K and T > 1, there exists a set C(x,e,T) satisfying
B(z,e,T) C C(x,e,T), such that for everyy € B(x,e,T), and every 0 < s < Ag,

oame  (as®) € C@,6T), g () ¢ C(2,5,T) and Leb (Jeem(y)) < 28k

C(x,e,T) C(x,e,T)

In other words, C(z,e,T) contains portion of orbits of length at most 2A g, after exiting C(z,e,T)
an orbit remains outside C'(x, e, T) for a time bounded below by Ax and a similar property is satisfied
in the past.

Proof. For every x € K, we can find 0 < r(z) < 1 and 0 < 79(z) < 7g/4 such that x admits a
flow-box neighbourhood Q(z) diffeomorphic to B(0,r(x)) x (—mo(z),70(z)). Let ¢ : @ — B(0,r(x)) X
(—70(x),70(x)) be the associated flow-box chart. There exists go(x) > 0 small enough such that
B(z,e0(x), 1) is included in a flow box of half height. More precisely, for every T' > 1,

(B(x,e0(2),T)) C $(B(z,€0(x),1)) € B(0,r(x)) x (=70(2)/2,70()/2) -

Fix 0 < € < ego(x). It is not clear to us whether ¢(B(z,,T)) is convex (at least in the direction of the
flow) or not so an orbit may exit B(x,e,T) for a very short time. To avoid these technical problems,
we fill B(z,e,T) in the direction as the flow, and define C(z,e,T) as

wil ({(277—) S B(O7T(x)) X (—TQ(CIZ)/Q,T()(J})/Q), I’ e (—To(.CC)/Q,T()(x)/2), (ZvT/) S ¢(B(x,€,T))}) :

Then, by construction, ¢¥(C(z,e,T)) C B(0,r(x)) x (—710(z)/2,70(x)/2) so that for every 0 < s <
70(x)/2 and every y € B(x,e,T),
¢ P gmax (y)+s(y) NC(z,e,T) =0

C(z,e,T)

® (0 jmin ( ),S(Z/) N C(CL‘,S,T) = (Z)’

C(z,e,)\Y

e Leb (JC(Q:,E,T)) < 7o(z)

As K is compact, r, 79 and € can be chosen uniformly in x. The result follows with Ax = 79/2 and
K = £0. O

The upper bound for mg, .(B(x,e,T)) is proven in the second key lemma.
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Lemma 7.5. Let Ko be a compact set with nonempty interior as in Section[6.1], and K D Ky be a
larger compact set. There exist e,k > 0, dxy. i > 0 and Dy, > 0 such that for every 0 < € < ek K
and every 0 < 6 < g, i, for every x € K and for all 1 <T < L such that pr(x) € K, the following
inequality holds

L+57K
mi,.L(B(x,e,T)) < Dk, KNC((pT(w)’:U’E’L_T’L_T+5TK0’5) #PKo ( 2 0)
o Y N 07 L#PKO(L7L+5TK0) #PKO(L7L+5TK0).

Proof. The proof follows the same lines as the one of Lemma

Step 1. Choice of constants. Lemma [7.4] gives us constants Ax and ax > 0 associated with K.
Lemma applied with v = min(Ag/3,1) and 71 = 57x, > 1 gives us 79 > 0 and ;7 > 0. Let
€K,k = min(ak,e1) and 0, x = 5. Fix € < ey x and § < 0k, k. Fix x € K. Fix 1 <T < L such
that pr(z) € K.

Step 2. First upper bound for mg, (B(x,e,T)). Denote by J(L + 57k,) the set of intervals
included in [0, L + 57k,]. For each periodic orbit v € Pk, (L, L+ 57k, ), choose a parametrization with
an origin v(0) ¢ C(z,e,T). Denote by O, 1(z,e,T) the set of pairs (v,I) C Px,(L, L + 57x,) X
J(L+57k,) such that for every v € Pk, (L, L+57k,) (with its parametrization and associated origin),
and every s € I, we have v(s) € C(x,e,T), I is maximal for this property and ~(I) N B(x,e,T) # 0.
Note that for all (vy,1) € (:)KO,L(.T,&T), by Lemma we have Leb(/) < 2Ak.

In the proof it will be important to focus on primitive orbits. Recall that Py (L, L + 57k,) is the
subset of primitive orbits and observe that if + is not primitive, then there exists a primitive periodic
orbit with length at most ¢()/2 with the same image. Therefore,

L+5
# (Pro(Ly L+ 57i,) \ P, (L, L + 57k,)) < #Px, (TKo) .

2

We then have

1
m B(z,e,T) = B(z,e, T
K07L( ( ) #PKO (L,L + 57—[(0) VGPKO(§J+5TKO)/’L7( ( ))

1
<
_#PKO(L7L+5TK0) Z

Y€PK, (L7L+5TKO)7’Y primitive
1

+ >
#PKO (L, L+ 57'Ko) ¥€Px, (L, L+5Tk, ),y non-primitive

2A K

M“{(C(l‘7 €, T))

M’Y(B('T’ &, T))

1

< )
~#Pr.(L,L+5 _
#Pio o) (7)€@ xy (L L457x)

#{v € Pk, (L, L + 57k,),y non-primitive}
#Pr, (L, L + 57Tk,)

~ L+57
~  L#Pk,(L,L+57k,) #Px, (L, L+ 57k,)

_|_

Step 3. From Oy, (L, L + 57k,) to chords. Every pair (v,1) € O, (L, L + 57x,) gives us a
set {v(s),s € I} of points of 7 inside C(xz,e,T), with at least some sg € I with ~v(sg) € B(x,e,T).
Following ~ from ~(sp 4+ T') to y(so + £(7)) = v(so) defines a chord with length ¢(y) —T € [L —T, L +
57k, — T) from B(pr(z,¢€)) to B(z,¢).

Let E be a E(pr(z),z,e,L —T,L — T + 57k,,d)-set with maximal cardinality. In particular,
#E = Ne(op(x),z,e, L —T,L —T + 57k, 0).

For each pair (v, 1) € éKo (L, L+57k,), choose a point z € E, such that y(so+7T') € B(z,d,L—T).
This gives us a map 6 : O, (L, L + 57x,) — E.

Step 4. Control the (lack of) injectivity of 6. Let (y1,I1) and (72, I2) be two pairs that lead to
the same point z € E. In particular, there exist sy € I1,s2 € Iy such that v;(s1),72(s2) € B(z,¢,T),
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so, for every 0 < s < T,

d(mi(s1+5),ps(x)) <& and  d(ya(s2 + 5),ps(2)) <.

Moreover, as 0(y1, 1) = 0(v2, I2) = z, for every 0 < s < L — T, we have

dn(s1+T +s),72(52+ T+ 8)) <d(i(s1+ T+ ), 0s(2)) + d(ws(2),72(s2 + s +T)) < 26.

Therefore, for all 0 < s < L, we have

d(y1(s1+ 8),72(s2 + 5)) < 1.

If 0 < 4(v1) — £(v2) < 70, using Lemma [2.13] (see Step 1) and the fact that v, and 72 are primitive, we
deduce that 71 = 2 and there exists u € [—v, V] such that and sy = s; +u. By Lemma we deduce
that Iy = I» (otherwise, we would have |s; — sa| = |u| > Ay, contradicting |u| < v = min (%, 1))
Cutting the interval [L, L+ 57k, ] into intervals of length 79, we deduce that the number of elements
(7,1) € Ok, (L, L 4 57, ) leading to the same chord is bounded from above by 57, /7.
The result of the lemma follows with Dy, x = 10Ag Tk, /0. d

7.2 Estimation of the measure of dynamical balls

In this section, we gather all the inequalities proven in Lemma [7.3] Lemma Proposition and
Proposition to obtain the following strong inequalities.

Let K be a compact set as in SectionLet Moo be any accumulation point of the family (mg, 1)1
and Mmmpmax be the probability measure obtained after renormalizing mq. In particular, me(Kgy) > 0.

Choose K D K D Kj such that mso(K) > 3me(M).

Choose an increasing sequence (L) such that Ly — 400 as k — +oo and mpg, 1, A Meo. Fix
some point yy € Kp.

Theorem 7.6. There exist deng > 0, such that for every 0 < § < dend, there exists eena,s > 0 such that
for every 0 < € < €ena,s there exists Nendse such that for every 0 < n < Nend s, there exist positive
constants S—,ST, D™, D" > 0, and T.nq > 0 such that the following holds. For every x € K and
T > Teng such that op(z) € K, we have

D~ Dt
< mao(B(z,6,T)) < .
NC(x7y07n7T+S_7T+S_+5TK076) =m ( (x c )) NC(x790757T—S+7T—S++5TK075)
(30)

Before proving it, let us emphasize the strength of this statement. Usually, in ergodic theory,
invariant measures satisfy almost sure properties. The above inequalities hold for every z € K, and
are therefore more geometric than ergodic. This strong uniform property will allow us to conclude
that mmax is a measure of maximal entropy.

Proof. The proof follows easily from the preceding work, and in particular from Propositions and
[6.5] and from Lemmas [7.3] and as soon as parameters are carefully chosen. We start with this
choice.

Step 1. Choice of constants. Set dena = min(<, dg, i, 1) where £1 is given by Proposition
and 0x, xk by Lemma Choose an arbitrary 0 < ¢ < dend.

Set €end,s = min(ex, i, €K,5), where e, i is given by Lemma and €x s by Lemma applied
with parameter ¢. Fix 0 < & < gepd,s-

Lemma applied with €/2 gives constants o 5.2 and N 5c/2- Set Nend s = Min(d, Ng 5./2, 1)-
Choose 0 < 1 < Nend,b,e -

Propositions (with parameters ¢ and ¢) and (with parameters n and 0) give constants
S1, D1, S2, Dy > 0. Set Tena = max(Tmin + S1, 57Ky, Togin ), Where Tinin is given by Proposition and
T! i by Lemma Set St =5 and S~ =25, + OK.5e/25 Dt = Dk, kDy and D™ = ﬁ.

Let T' > Teng. Let x,y9 € K.
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Step 2. Upper bound. By Lemma and Proposition applied with Ty = Ly, — T, Ty =T — 51
and S = 51, as soon as Ly > T + Tin, we have

Ly+57
Mo, (B(w,e,T)) < Dg, KNC(QPT(x)’x’g’Lk_T’Lk_T+5TK075) #Pro (52
0,Lk PESD) > 0, Lk#PKo (Lk,Lk + 5TK0) #’PKU (Lk, Ly _|_ 5TK0)
Lyp+57
D, x D1 #Pr, (—5—2)

< + .
Ne(z,yo, T — S1,T — S1+57k,)  #Pro(Lk, Ly + 57K,

Using that B(x,e,T) is open and from Corollary we get

o Dry x D1
B 7)) <1 f B T O
meo(B(x. . 1)) < fmInfmuc,n,(B(x.&.1)) < S T8, T~ 8 4 57y)
The upper bound follows with D" = Dy, i Ds.
Step 3. Lower bound. Apply Lemma [7.3] - 3| with parameter £/2 and Proposition with S = Sy
and T' =T + Sy + 0 5./2 > 5Tk, and x1 = pr(z),y1 = 79 = 7. Then, we get, for k big enough,

N z),z,n, L —T —0 L,—T—0 + 57K, 0
i 1 (B(a,e/2,T)) > £ c(er(z), z,m, Ly K.5.2/2> L Kb,/ Ko, 0)
8b Lk#PKO (Lk, Ly + 57’](0)
€ 1 1
> — X — X .
8 Dy Ne(z,yo,m, T + 282 4+ 0k 572, T + 252 + 0 502 + 57Ky 0)

As lim suka_mo micy, L, (B(x,6/2,T)) < meo(B(x,6/2,T)) < meo(B(x,¢,T)), the lower bound follows
with D~ SbD and S7 =252 + 0 5./2- O

7.3 Computation of entropies of M.y

Theorem 7.7. Let ¢ be a H-flow on M such that h, (@) < hgur(p). Let mmax be the probability
measure obtained after renormalizing an accumulation point of the family of measures distributed on
periodic orbits of increasing length, see Section[6.1. Then

hBK(mmax) = EBK(mmax) = hKS(mmax) = hKat(mmax) = hGur(SD) .

Proof. As at the beginning of Sectlon n, choose Ky, and L, — oo such that mg, 1, 5 mg, and

K D K D Ky such that mOO(K) > ZmOO(M). Fix § < min(ap/2, denq) where 6Cnd comes from
Theorem |7 m and ag from Proposition Fix ¢ < min(€ends,0/4), where €engs comes from
Theorem [7.6] wih parameter §, such that ¢ is small enough compatibly with Proposition [£.1}. Let
reK.

Theorems [7.6] and Proposition [5.12] give us

1 1

limsup —=logmu (B(z,T,¢)) = liminf —=logme (B(z,T,¢)) = hgu(p).
pr(z)eEK pr(z)eK

Therefore

hBK (mmax) = EBK (mmax) = hGur (QO)
From Proposition [.1] we also have

1
limsup — = log(muo (B(x,e,T)) dmmax < hxs(Mmax) -
K T—+oo
pr(x)eK

Thus we obtain the lower bound hxs(Mmax) > hgur(¥)-
Corollary gives the inequality hxs(Mmax) < hgur(@) so that hks(Mmax) = hgur(p). We know
by Theorem that Axat(Mmax) < Acur(@)-

It only remains to prove the inequality hxat(Mmax) > hgur(¢). By definition of Katok entropy, for
every 0 < v < 1, there exist o, > 0, €, > 0 and T, > 0 such that, for every 0 < a < a,, 0 < e < €,
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and T' > T, the minimal cardinality M (T, e, o, mpmax) of a set of (¢, T)-dynamical balls covering a set
of measure at least « satisfies

M(T, e, o, Mmaz) < e(hxat (Mmax)+)T

Even if it means to increase K we can assume that mpax(K) > 1— 9+ By invariance of mpax, we get
Mmax(K N_7(K)) > 1—%. Without loss of generality, we can assume that T is large enough and
€ > 0 small enough so that T heorem [7.06} - 6| holds with parameters K, 6 (where  is some small enough
constant), 2¢ and 7. We may also assume that Proposition holds with parameters K, C' = 57k,
6 and n = 2e.

Since Mmax(K Np_7(K)) > 1— 5, we can use Lemma {4.9|to obtain a separating (7', 2¢, §, Mmax)-
spanning set £/ C K Np_p(K) wi th #E’ <M(T,e,a mmax) Therefore

< Mmax (Upepr B(2,26,T)) < > Mmax(B(x,2¢,T))
xeR’

< M(T,e, o, mmax) X m%x Mumax(B(x,2¢,T))
z€E’

i
2

< e(hKat(mmaX)""V)T X max mmaX(B(l” 26, T)) .
zeR’

Using Theorem [7.6] we get

1 Dt
moo(B(xv 26,T)) <

mamB 72 7T = - 7
Minas(B(x, 26, T)) moo(M) Ne(,yo, 26, T — S*,T — 5% + 57, 6)

Moo (M)

so that

ST X Moo(M) X Ne(z,yo, 26, T = 57, T = % + 57, 8) < ellmanlmm t00T

Thus,

1 o 1 n T
T log <W X moo(M)) + T log(Ne(z,y0,26, T — ST, T — ST +57k,,9)) < hikat(Mmax) + V.

Taking the limit superior when T" — +o0o of the above inequality, by Proposition [5.12] we obtain
hGur(©) < hkat(Mmaez) +v. As v can be chose arbitrarily small, we have hgu(¢) < hkat(Mmaz). This
concludes the proof of the theorem. O

8 Notations

+ B@eD)-p [ « hE() -
» Clz,y,n,T7,T7) - p. * hpx(p) -
« CK(a,yn, T, T7) - p. « T (p) -
« E(z,y,n,T",T*,5) - p. . hcur(w) - p.
o EX°(z,y,n,T~,Tt,6)-set - p. o hkat(p) - p- [16]
e Erc(a,y,n,T=,T*,8)-sct - p. 7 * hrcs(u) - p. .
. he(eryn.5) - b B o hvar() - p.
.« hém - ﬂ
Pty « "y - P
o hE (z,y,n,0) - p. b o
.« hE°(1,8) - p. . K_,-p. [

o W& (p) - p. 40 ¢-p. 1
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. mK,L“p-@ ® NC(xayaan_aT+76)_p'

* Mmax - p- 57 o NE(@y,n, T, T,6) - p.
e My - P. 09 * Px(To) - p. [16

o M(T,e,a,p) - p.[16] « Pr(To,T1) - p- [16]

o M'(T,e,a,p) - p. 25 o PR(L,L+C)-p.[22

s M, -p.[15 o P(Ki,Ks,o, T, T+ C) - p. [46]

.M?prg_p. OTK—p.E
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